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Abstract

This paper develops a dynamic econometric framework for the analysis of en-

try, exit, and competitive conduct in oligopolistic markets. This framework only

requires panel data on the demand and producer counts of geographically dispersed

markets over time. It is a dynamic extension of Bresnahan and Reiss’s (1990; 1991)

framework for the analysis of static competition in a cross-section of markets. Our

extension to the infinite-horizon model facilitates the empirical analysis of the dy-

namic determinants of market structure and competition: sunk entry costs and

uncertainty. Moreover, it is needed for the consistent measurement of static market

primitives, such as the toughness of competition. Our model’s timing and expec-

tation assumptions help to select an essentially unique Markov-perfect equilibrium

that can be computed quickly by solving a finite sequence of dynamic programming

problems with low-dimensional state spaces. We apply our model to the empirical

re-analysis of sunk costs and the toughness of competition in the US market for

dental services, using Bresnahan and Reiss’s (1993) panel data on the number of

dentists across geographical markets in the US.
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1 Introduction

This paper develops a dynamic econometric framework for the analysis of entry, exit, and

competitive conduct in oligopolistic markets. This framework only requires panel data on

the demand and producer counts of geographically dispersed markets for the estimation

of important market determinants, including firms’ sunk costs and toughness of competi-

tion. The empirical framework builds on the theoretical model in Abbring and Campbell

(2010). It has an essentially unique Markov perfect equilibrium in strategy that an en-

trant produces no longer than any incumbent. This equilibrium can be computed quickly

by solving a finite sequence of dynamic programming problems with low-dimensional

state spaces. Exploiting this simplicity, we develop and implement a Nested-Fixed-Point

(NFXP) algorithm for the estimation of the model.

Our framework is a dynamic extension of Bresnahan and Reiss’s (1990; 1991) models

for the analysis of static competition in a cross-section of markets. In those papers, Bres-

nahan and Reiss propose a class of static firm entry models to estimate entry’s impact

on competition using demand thresholds. Each threshold is a cut-off of market size neces-

sary to support a certain number of firms. Potential entrants start operation only when

market size raises their expected revenue above the sunk costs of entry. Therefore, how

incumbent firms’ expected revenue fall with each additional entrant can be inferred from

the differences between multiple entry thresholds. Bresnahan and Reiss (1993) extend

their earlier static entry model to a two-period one and distinguish between entry and

exit thresholds. Because only entrants pay one-off sunk costs of entry, they can estimate

sunk costs of entry from the difference between entry and exit thresholds.

Entry and exit is an essentially dynamic process. Using static models to measure

the market determinants of this process can lead to serious bias. Abbring and Campbell

(2010) provides an example showing that a static model overlooks firms’ option value to

exit in future, hence leads to a downward bias of firms’ value. To consistently measure the

static and dynamic primitives of oligopoly markets, such as the toughness of competition

and the sunk costs of entry, we need dynamic game-theoretical models. Unfortunately,

as demonstrated in Besanko, Doraszelski, Kryukov, and Satterthwaite (2010), these mod-

els often suffer from equilibrium multiplicity, which greatly complicates the estimation

procedure and hinders its usefulness for policy experiments.

The model of Abbring and Campbell characterizes an infinite horizon dynamic oligopoly

market. In this market, the number of consumers who demand the industry’s services

evolves stochastically. Entry requires paying a sunk cost, and continuing operation incurs

fixed costs. When continuation is no longer profitable, incumbents choose to exit to avoid

these per-period fixed costs. In this model, firms make exit decisions in the order of their

ages. By focusing on the “last-in first-out” (LIFO) dynamics, Abbring and Campbell
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show that there is an essentially unique Markov-perfect equilibrium in strategy that a

younger firm never produces longer than any older incumbents.

Abbring and Campbell’s model is a statistically degenerate model for the panel data

of demand and producer counts, i.e., for any set of parameter values, the prediction

of producer count is unique conditional on observed demand. To apply it to analyse

market data, we introduce shocks that satisfy a market-level version of Rust’s (1987) key

conditional independence assumption. This leads to an estimable model describing the

market structure dynamics for an industry’s geographically dispersed markets in relation

to these markets’ sizes. We extend Abbring and Campbell’s results to show that an

essentially unique LIFO Markov-perfect equilibrium exists in this model. We further

extend the algorithm developed in Abbring and Campbell to quickly compute this Markov-

perfect equilibrium by solving for the fixed points of a finite sequence of contraction

mappings.

The speed of our equilibrium computation allows us to adopt a NFXP algorithm

to estimate the model. This algorithm requires calculating firms’ equilibrium strategy

many times in course of the estimation. Compared to the two-step approach that recently

receives growing attention (e.g., Bajari, Benkard, and Levin, 2007), this algorithm has the

advantage that it does not require estimation of the equilibrium policy function directly

from data. Therefore, it is particularly useful when the dataset is small compared to the

number of industry states and the first-step estimation of the policy function has poor

quality. To illustrate the feasibility of our estimation approach, we recollect Bresnahan

and Reiss’s (1993) panel data on dentists in U.S. local markets, and focus on reproducing

their empirical results with our fully dynamic structural analysis.

The remainder of this paper proceeds as follows. The next section presents the model’s

primitives. It introduces the equilibrium concept and provides the equilibrium existence

and uniqueness results. Section 3 discusses in detail how estimation can be carried out by

using the NFXP algorithm. Section 4 presents the estimation results from one specification

of our model. Section 5 concludes. Proofs and tables are included in the Appendices.

2 The Model

The model is an econometric extension of the model of oligopoly dynamics developed by

Abbring and Campbell (2010). It features stochastic demand, as well as shocks on fixed

and sunk costs. Oligopoly firms make sequential entry decisions and decide on exit in the

order of their tenure. The model has an essentially unique Markov-perfect equilibrium in

a LIFO strategy.
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2.1 Primitives

There is a countably infinite number of firms that are potentially active in the market.

At time 0, N0 = 0 firm is active. After that, firms’ entry and exit decisions determine

the number of active firms in each later period. The number of firms at period t is Nt

t ∈ {1, 2, . . .}. The number of consumers who demand the industry’s service is indexed

by a scalar Ct and is bounded between ĉ ≥ 0 and č <∞.

Figure 1 illustrates the sequence of events and actions within a typical period t using a

portion of the game tree. It begins with values inherited from period t−1 for the demand

Ct−1, a market-level random shock Wt−1, and the number of producers Nt. Two variables

Ct and Wt are then realized according to a joint distribution for first-order Markovian

variables f(Ct+1,Wt+1|Ct,Wt, ζ; θf ), in which θf denote the vectors of parameters and ζ is

a vector of time-invariant market-level characteristics. All firms observe the realizations.

Afterwards, all active firms serve the market, earn profits π(Nt, Ct, ζ; θπ) − κ exp(Wt−1).

The vector θπ collects the parameters of the surplus function π. The shock Wt−1 affects

the active firms’ fixed cost κ. We assume that the surplus increases with demand and

decreases with the number of competitors.

Assumption 1 (Monotone Producer Surplus). The surplus function satisfies

(i). π(n, c, ζ; θπ) ≤ π(m, c, ζ; θπ) for all n,m ∈ N such that n > m;

(ii). π(n, c, ζ; θπ) ≤ π(n, d, ζ; θπ) for all c, d ∈ [ĉ, č] such that c < d; and

(iii). limn→∞ π(n, c, ζ; θπ) = 0 for all c ∈ [ĉ, č].

Here and throughout, we use lower case letters to denote random variables’ realizations.

Then, these firms decide whether they will remain in the market. Exit allows the firm

to avoid future fixed costs, which depends on the realized value of Wt. Exit is irreversible

but otherwise costless.

Older firms are given priority in committing to continuation. We index all firms in

this model by assigning a name j ∈ N to each of them. The firm which makes the first

entry decision in the market’s initial period has name J0 = 1. Each succeeding potential

entrant has a name equals its predecessor’s plus one. In period t, the rank of an active

firm with name j, denoted as Rj
t , is the order of its name among all active competitors.

This equals one for the firm with the lowest name (or the firm entered first among all

incumbents), and it equals Nt for the firm with the highest name (or the firm entered last

among all incumbents). The active firms’ continuation decisions proceed sequentially in

the increasing order of this rank, the oldest firm first and the youngest firm last. Firms

can use mixed strategies. These strategies’ pure realizations also occur sequentially, so a

firm later in the sequence conditions on its rivals’ realized (binary) continuation choices.
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After active firms’ continuation decisions, those firms that have not yet had an op-

portunity to enter make entry decisions in the order of their names. These continue until

one potential entrant decides to remain out of the industry. The first potential entrant

for the next period, Jt+1, has this firm’s name plus one. Note that firms do not have the

option to delay entry. Because entry decisions proceed sequentially in the increasing order

of firms’ names, firm j will have a rank Rj
t+1 greater than that of any active incumbent.

The entrant starting to serve the market faces the fixed cost shock Wt and must pay a

one-off rank-dependent sunk cost of entry (ϕRj
t+1
− 1)κ exp(Wt) in next period, on top of

the fixed cost κ exp(Wt). Firms discount future payoffs with a factor β < 1.

2.2 Markov-Perfect Equilibrium

A Markov-perfect equilibrium is a subgame-perfect equilibrium in strategies that are only

contingent on payoff-relevant variables. When firm j decides whether to continue or exit,

Nt−Rj
t (the number of active firms following it in the sequence), Ct, R

j
t+1 (its rank in the

next period’s sequence of active firms), Wt, and ζ are payoff-relevant. Collect these terms

into Hj
S,t ≡ (Nt − Rj

t , Ct, R
j
t+1,Wt, ζ). Similarly, the payoff-relevant state to a potential

entrant is Hj
E,t ≡ (Ct, R

j
t+1,Wt, ζ), in which Rj

t+1 is the entrant’s rank in next period

as well as the number of incumbents immediately after the firm’s entry. Note that Hj
S,t

takes its values in HS ≡ Z+ × [ĉ, č]× N×O× Z for firms active in period t and Hj
E,t in

HE ≡ [ĉ, č]×N×O×Z for potential entrants, where O is the support for the cost shock

and Z is the support for the market characteristics vector. Here and below, we use S and

E to indicate potential survivors and entrants.

A Markov-strategy for firm j is a pair of functions ajS : HS → [0, 1] and ajE : HE →
[0, 1]. The values of the functions represent the probabilities of survival through the next

period given that the firm is currently active (ajS) and given that the firm has an entry

opportunity (ajE). In a symmetric Markov-perfect equilibrium, all firms follow the same

Markov-strategy. We restrict attention to symmetric equilibria and omit the firms’ names

from the superscript.

When firms use Markov-strategies, the payoff-relevant state variables determine an ac-

tive firm’s expected discounted profit when it decides on exit, which we denote with v(HS).

In a symmetric Markov-perfect equilibrium with strategy profile (aS, aE), it satisfies the

Bellman equation

v(HS) = max
a∈[0,1]

aβE [π(N ′, C ′, ζ; θπ)− κ exp(W ) + v(H ′S) HS] . (1)

We denote the variable corresponding to Y in the next period with Y ′. In Equation (1), the

expectation is calculated using f(C ′,W ′|C,W, ζ; θf ) and all firms’ strategies conditional
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on the firm of interest choosing to be active. This expected discounted profit is also a

potential entrant’s post-entry payoff.

A model of this type usually has multiple equilibria. To select a unique one, we restrict

attention to equilibria in which firms’ entry and exit rules arise from a LIFO strategy.

Definition 1. A LIFO strategy is a strategy (aS, aE) such that aS is pure, with aS(n −
r, c, R′, w, ζ) weakly decreasing in r.

If all firms adopt a common LIFO strategy (aS, aE), then an active firm with rank r ≥
2 never stays if the predecessor in the sequence of active firms exits, because aS(n −
r, c, r′, w, ζ) = 0 implies that aS(n − r − 1, c, r′, w, ζ) = 0. As a consequence, if firms

adopt a common LIFO strategy, they exit in the reverse order of their entry. Conversely,

if firms use a common strategy and always exit in the reverse order of their entry, then

the common strategy is a LIFO strategy. Under a LIFO strategy, if any r-ranked firm

continues to next period, all of its competitors with lower ranks also survive, so r′ = r.

Even with our focus on equilibria in a LIFO strategy, we still have one uninteresting

source of equilibrium multiplicity. When multiple actions all maximize a player’s equilib-

rium payoff, multiple subgame-perfect equilibria can be constructed from these actions.

To eliminate this source of multiplicity, Abbring and Campbell require that in equilib-

rium, players default to inactivity by choosing to stay out or exit whenever it gives the

same payoff as entry or continuation.

Proposition 1. There exists a unique symmetric Markov-perfect equilibrium in a LIFO

strategy that defaults to inactivity. The equilibrium payoff v(n, c, r, w, ζ) is weakly decreas-

ing in n; the survival rule aS and entry rule aE are such that aS(n− r, c, r, w, ζ) is pure,

i.e., takes a value in {0, 1}, constant in n− r, and weakly decreasing in r; aE(c, r, w, ζ) is

pure and weakly decreasing in r; and aS(n− r, c, r, w, ζ) ≥ aE(c, r, w, ζ).

The equilibrium survival and entry probabilities in Proposition 1 weakly decrease with

the firm’s rank in the next period. Moreover, the survival probability is constant in the

number of younger firms, and weakly larger than the entry probability of a firm with the

same prospective rank in the same demand state. The proof of this proposition requires

only minimal adaptation of the proofs for Propositions 1 and 2 in Abbring and Campbell

(2010). Hence we only review the intuition behind the proof here. First, note that the

limiting conditions in Assumption 1 imply that the number of firms that remain active

in a Markov-perfect equilibrium cannot exceed an upper bound, which we denote by

ň. Next, we consider the exit decision of a firm with rank ň. When deciding on exit,

this firm rationally expects no further entry and none of its older competitors to cease

production before itself does. Therefore, in equilibrium, this exit decision is independent

of the knowledge of any other firm’s strategy, which implies that the equilibrium value
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function, and the optimal exit and entry rules for this firm can be constructed by solving

a single agent decision problem. Next, we solve the exit decision problems in turn for

firms with ranks r = ň− 1, ň− 2, . . . , 1. A firm with rank r forms its expectation about

the actions of firms with higher ranks using the obtained exit and entry rules of those

firms. Therefore, we can construct this firm’s equilibrium payoff function, its optimal

exit and entry rules by solving a single agent decision problem. With these solutions,

we can subsequently verify that the equilibrium payoffs and exit/entry rules satisfy the

monotonicity conditions in Proposition 1.

In LIFO equilibrium, the first-mover advantage implies that early entrants can cred-

itably drive out younger competitors and deter late entrants by continuation. As a result,

their payoffs are never worse than their younger competitors under the same market con-

ditions. This implies that a firm’s optimal decision under the “false” expectation that no

younger firm would be active next period is always consistent with its profit maximization.

When this expectation is inconsistent with the actual equilibrium market dynamics, this

firm’s younger competitor continues to next period or enters the market. Under those

circumstances, payoff monotonicity guarantees that this firm’s decision to continue or to

enter still maximizes its value. Let vS(c, n, w, ζ) be the n-th ranked firm’s expected payoff

(excluding the fixed cost) when all firms with ranks r ≤ n continue to the next period

and all firms with ranks r > n exit,

vS(c, n, w, ζ) ≡ EW ′,C′ [π(n,C ′, ζ) + v(0, C ′, n,W ′, ζ) C = c,W = w, ζ] . (2)

This payoff function dictates firms’ entry and exit in the equilibrium.

Proposition 2. If a LIFO strategy (aE, aS) forms a symmetric Markov-perfect equilib-

rium, then for any n-th ranked firm and any (x, c, w, ζ), it satisfies,

aS(x, c, n, w, ζ) ∈ arg max
a∈[0,1]

a (vS(c, n, w, ζ)− κ exp(w)) and (3)

aE(c, n, w, ζ) ∈ arg max
a∈[0,1]

a (vS(c, n, w, ζ)− ϕnκ exp(w)) (4)

Proof. See Appendix A.

Other symmetric Markov-perfect equilibria that default to inactivity might exist, but

in them the apparent advantage of early entrants to commit to continuation does not

always translate into longevity. In our empirical analysis, we restrict our attention to

the unique symmetric Markov-perfect equilibrium in a LIFO strategy that defaults to

inactivity.
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3 Estimation

The primitive parameters of this model include the parameters for the exogenous demand

process, the shock variable and the surplus function θf , θπ, the coefficients for the sunk

cost of entry ϕn, and the scale of the fixed costs κ. Collect them into the vector Θ. In

this section, we discuss how to estimate these parameters.

Suppose that we have longitudinal observations (Ci,t, Ni,t, ζi) for a finite number of

periods t ∈ {t0, . . . , t0 + T} on a number of markets i ∈ {1, . . . ,M}, but Wi,t is never

observed. The estimation then relies on matching the observations (Ni,t, Ci,t, ζi) with the

market transition probability Pr(N ′;N,C, ζ) implied by the unique LIFO equilibrium.

Using vS and Proposition 2, we can calculate the transition probability as

f Pr(N ′ = m|N = n,C = c, ζ) =
Pr(vS(c,m,W, ζ) > ϕmκ exp(W ), vS(c,m+ 1,W, ζ) ≤ ϕm+1κ exp(W )) if m > n

Pr(vS(c,m,W, ζ) > κ exp(W ), vS(c,m+ 1,W, ζ) ≤ ϕm+1κ exp(W )) if m = n

Pr(vS(c,m,W, ζ) > κ exp(W ), vS(c,m+ 1,W, ζ) ≤ κ exp(W )) if m < n

(5)

The intuition behind this formula is straightforward. (i) If the observed next period

number of firms m exceeds the current number n, then the unobserved shock has to

be favorable enough for one potential entrant to become the m-th ranked active firm,

and sufficiently unfavorable to deter the next potential entrant; (ii) if m = n, then the

shock has to be favorable enough for the m-th ranked firm to continue, and sufficiently

unfavorable to deter the next potential entrant; (iii) if m < n, then the shock has to

be favorable enough for the m-th ranked incumbent firm to continue, and sufficiently

unfavorable for the m+ 1-th ranked incumbent to continue.

Computing vS is obviously the corner stone of constructing the transition probability.

To compute this payoff function, we face two difficulties. First, we need to compute

the LIFO equilibrium payoff v using Equation (1), which requires the strategy aS, aE to

construct the expectation. The strategy in turn depends on the payoff. In Section 3.1, we

introduce an equilibrium computation procedure that breaks down this interdependency.

Second, when computing the expectation in Equation (1), we have to integrate v over W

and C. In addition, to obtain vS, we need to integrate v over W and C again. Computing

this two-dimensional integral twice is computationally cumbersome. In Section 3.2, we

discuss how to circumvent this computational hurdle.

8



3.1 Computing the LIFO Equilibrium

In the LIFO equilibrium, because any active firm rationally anticipates that those with

higher ranks will remain active as long as it decides to continue, we only need the equi-

librium survival rules used by those with lower ranks to compute its payoff. This implies

that we can compute the equilibrium in the decreasing order of firms’ ranks.

We start with the firm of lowest possible rank ň. In practice, we set ň to the maximum

of number of active firms over all markets, all periods in the data1. Let ṽň(x, c, w, ζ) denote

this firm’s value function when the number of younger incumbents is x, the demand is

c, and the shock is w, i.e., ṽň(x, c, w, ζ) = v(x, c, ň, w, ζ). When computing ṽň, this firm

rationally expects any younger incumbent to exit and no firm to enter before its exit. In

other words, in equilibrium this firm either receives zero payoff from exiting, or positive

payoff from continuing with all older incumbents. Thus, for any x, the value function

necessarily satisfies

ṽň(x, c, w, ζ) = ṽň(0, c, w, ζ)

= max β {0,EW ′,C′ [π (ň, C ′, ζ) + ṽň(0, C ′,W ′, ζ) C = c,W = w, ζ]− κ exp(w)}
(6)

The right-hand side of (6) does not involve any other firm’s strategy. This equation

defines a contraction mapping with ṽň as its unique fixed point. With ṽň determined, we

can compute the sets of values of (C,W ) that attract a ň-th ranked firm to enter and to

survive. We refer to these as the entry and survival sets,

Eň,ζ ≡ {(c, w)|ṽň(0, c, w, ζ) > ϕňκ exp(w)} and Sň,ζ ≡ {(c, w)|ṽň(0, c, w, ζ) > κ exp(w)}.

The rest of the computation proceeds sequentially for r = ň−1, . . . , 1. For an r-ranked

incumbent, r ∈ {1, . . . , ň−1}, let ṽr(x, c, w, ζ) denote the LIFO equilibrium value function

for the r-th ranked firm

ṽr(x, c, w, ζ) = max{0, βEW ′,C′ [π (N ′r(x, c, w, ζ), C ′, ζ)

+ ṽr(N
′
r(x, c, w, ζ)− r, C ′,W ′, ζ) C = c,W = w, ζ]− κ exp(w)}

(7)

in which N ′r(x, c, w, ζ) is the number of firms in the following period, conditional on the

r-ranked firm’s survival. It depends on the equilibrium strategy of all firms that are

younger than r. Note that we have uniquely computed the entry sets Er+1,ζ , . . . , Eň,ζ and

the survival sets Sr+1,ζ , . . . ,Sň,ζ for the younger firms. The rank r firm rationally expects

that these sets govern the younger firms’ entry and survival decisions, and that no firm

will enter with rank larger than ň. That is,

N ′r(x, c, w, ζ) = r +
ň−r∑
j=1

[I {j ≤ x, (c, w) ∈ Sr+j,ζ}+ I {j > x, (c, w) ∈ Er+j,ζ}] , (8)

1Alternatively, we can define ň ≡ min{n ∈ N;π(n, c, w, ζ) < κ,∀(c, w, ζ)}.
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for x = 0, 1, . . . , ň − r. The right hand side of (7) only involves firms’ strategy that

is known at this point, and it defines a contraction mapping with a unique fixed point

ṽr. Consequently, we can compute the entry and survival sets for the r-ranked firm. By

Proposition 2, they are

Er,ζ = {(c, w)|βEW ′,C′ [π (r, C ′, ζ) + ṽr(0, C
′,W ′, ζ) C = c,W = w, ζ] > ϕrκ exp(w)}

Sr,ζ = {(c, w)|βEW ′,C′ [π (r, C ′, ζ) + ṽr(0, C
′,W ′, ζ) C = c,W = w, ζ] > κ exp(w)},

for a firm with rank r. After we have computed ṽ1, the LIFO equilibrium value function

is assembled by v(x, c, w, r, ζ) = ṽr(x, c, w, ζ).

3.2 Reducing the Dimensionality

In each step of this procedure, we need to calculate a two-dimensional integral over

(W ′, C ′) for the expectation EW ′,C′ . We have to repeat the exercise once more when

computing vS. This is computationally cumbersome. We circumvent this problem by

imposing a conditional independence assumption, following Rust (1987).

Assumption 2 (Conditional Independence Assumption (CI)). The density of {C ′,W ′}
factors as

f(C ′,W ′|C,W, ζ; θf ) = fC(C ′|C, ζ; θ1)fW (W ′|C ′, ζ; θ2).

Under CI, the next period unobserved shocks W ′ depends on this period’s W only

through the observed demand C ′, and C ′ evolves from C independently of W . CI im-

plies that we can compute the expectation EW ′,C′ iteratively. Define the integrated value

function Ẽvr(x, c, ζ) ≡ EW [ṽr(x, c,W, ζ) C = c, ζ]. We obtain a functional equation that

characterizes this integrated value function by integrating both side of (7) over W with

respect to the density function f(W |C, ζ; θ2).

Ẽvr(x, c, ζ)

= Pr(W ∈ Sr,ζ(c))β
(
EC′ [EW [π (N ′r(x, c,W, ζ), C ′, ζ)− κ exp(W )

+ Ẽvr(N
′
r(x, c,W, ζ)− r, C ′, ζ) W ∈ Sr,ζ(c), C = c, ζ] C = c, ζ]

) (9)

In this equation, the expectation of ṽr(N
′
r(x, c,W, ζ)− r, C ′,W ′, ζ) over W ′ is replaced by

Ẽvr(N
′
r(x, c,W, ζ) − r, C ′, ζ). Hence, W ′ vanishes from the right-hand side. A c-specific

survival set Sr,ζ(c) contains all possible values of w for this r-ranked firm to profitably

continue under c. It is determined as follows

Sr,ζ(c) ≡
{
w EC′

[
π (r, C ′, ζ) + Ẽvr(0, C

′, ζ) C = c, ζ
]
> κ exp(w)

}
,
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The right-hand side of Equation (9) defines a contraction mapping that can be solved

rather quickly and accurately on a computer. We formalize and prove the contraction

property in Proposition 3 in Appendix A. The unique fixed point of this contraction

mapping is Ẽvr. This function, with W integrated out, has a smaller state space than

ṽr. Therefore, numerically computing Ẽvr is much less burdensome than computing ṽr.

Furthermore, when computing vS, we only need to integrate this integrated value function

over C ′.

CI helps to further simplify the computation of the integrated value function. Note

that since (C, ζ) provides the sufficient statistics for W , the right-hand side of (9) depends

on W only via N ′r(x, c,W, ζ) and κ exp(W ). This implication has two benefits. First,

the expected continuation payoff in Equation (9), EW
[
Ẽvr(N

′
r(x, c,W, ζ)− r, C ′, ζ)

]
, is

a weighted average over Ẽvr(n,C
′, ζ) with n = 0, . . . , ň − r and with weights given by

Pr(N ′r(x, c,W, ζ)− r = n).

Second, note that the right-hand side of Equation (2) is independent of N ′, which

implies that vS is independent of W . Because vS dictates firms’ strategy as stated in

Proposition 2, its independence of W implies that aS, aE are all weakly decreasing in w.

In other words, for any given c, a threshold rule in w prescribes all firms’ survival and

entry decisions, and those c-specific survival and entry sets are intervals.

Under these two results, we can rewrite the right-hand side of Equation (9) as a

summation of integrals when W is a continuous random variable

Ẽvr(x, c, ζ) = βEC′

[ ň∑
i=r

∫ w(i,r,x,c,ζ)

w(i,r,x,c,ζ)

(
π(i, C ′, ζ)− κ exp(w) + Ẽvr(i− r, C ′, ζ)

)
×fW (w|C = c, ζ)dw C = c, ζ

]
. (10)

The limits of the integrals, w(n, r, x, c, ζ) and w(n, r, x, c, ζ), are the upper- and lower-

bound of w such that for any value between them, N ′r(x, c, w, ζ) = n.

3.3 A Likelihood Function: Dynamic Probit Model

Under certain parametrizations, we can compute the integrals in (10) analytically or very

conveniently. For instance, let W be independent of C, ζ and follow a normal distribution

W ∼ N (0, σ2
W ). Then,

Ẽvr(x, c, ζ) = β

(
ň∑
i=r

(
Φ

(
w(i, r, x, c)

σ

)
− Φ

(
w(i, r, x, c)

σ

))
× EC′

[
π(i, C ′, ζ) + Ẽvr(i− r, C ′, ζ) C = c, ζ

]
− κ exp(σ2/2)× Φ

(
w(r, x, c, ζ)− σ2

σ

)) (11)

11



in which Φ is the c.d.f for standard normal distribution. Since (11) is a special case of (9),

Proposition 3 in the appendix ensures that we can obtain a unique Ẽvr by quickly solving

(11) and then construct vS using equation (2) for r = ň, . . . , 1. We omit W from vS’s

arguments because vS(c, r, ζ) is in fact independent of W under (CI). With the normality

assumption on W , we obtain an order probit model

Pr(N ′ = m|n, c, ζ) =
Φ( ln vS(c,m,ζ)−lnϕm−lnκ

σ
)− Φ( ln vS(c,m+1,ζ)−lnϕm+1−lnκ

σ
) if m > n

Φ( ln vS(c,m,ζ)−lnκ
σ

)− Φ( ln vS(c,m+1,ζ)−lnϕm+1−lnκ
σ

) if m = n

Φ( ln vS(c,m,ζ)−lnκ
σ

)− Φ( ln vS(c,m+1,ζ)−lnκ
σ

) if m < n

(12)

The likelihood function is:

L =
T−1∏
t=1

M∏
i=1

Pr(Ni,t+1|Ni,t, Ci,t, ζi; Θ)fC(Ci,t+1|Ci,t, ζi, θ1)

i.e., a market with Ni,t firms in t period and Ni,t+1 firms in t + 1 period contribute

to the likelihood function ”the probability of transition” defined by (12). With this like-

lihood function established, we employ a nested-fixed-point algorithm to find the values

of structure parameters Θ that maximizes this likelihood. This algorithm iterates be-

tween an outer loop and an inner loop. It starts with some initial value of Θ0. In

the inner loop, the unique LIFO Markov-perfect equilibrium is computed by finding the

fixed points of a sequence of contraction mappings. Then, market transition probability

Pr(Ni,t+1|Ni,t, Ci,t, ζi; Θ0) is computed using Equation (5) for all t and i, and the likelihood

is evaluated. Next, the outer loop searches for new parameter value Θ1 to increase the

likelihood value. When the parameter vector is updated, it is passed to the inner loop

to repeat the contraction mappings and regenerate the likelihood value. The procedure

stops when the likelihood value cannot be improved.

4 Results

To illustrate the estimation procedure of our model and compare our results to what

Bresnahan and Reiss (1993) (henceforth BR) have obtained from their two-stage model,

we have reconstructed their American dentists data set and estimated the sunk and fixed

costs for their dentists.

4.1 Data Description

BR collect data on the number of dentists operating in 152 small and isolated U.S. coun-

ties from the 1982-1990 American Dental Association (ADA) directories. Their data also
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contain the demographics of these markets. The counties are selected based on the fol-

lowing criteria. First, the county population in 1980 was not in excess of 10,000. Second,

in these counties, no town with a population in excess of 1,000 lies within 25 miles of the

1980 population center of each county. Third, no town or city with a population greater

than 1,000 within 125 miles of the 1980 population center has a population to driving

distance ratio in excess of 600. These criteria minimize the possible strategic interactions

of dentists in adjacent markets, and ensure that observations from multiple markets are

independent.

We reconstruct BR’s dataset using the same selection criteria. After obtaining the list

of 152 counties, we go through the same ADA directories to match the operating dentists

to these markets. We analysed the resulting sample to compare some key statistics against

those found in BR. These comparisons can be found in Tables 1, 2, 3, and 4 in Appendix

B. Table 1 presents summary statistics of the raw data as well as detailed break-downs of

some of the data cleaning measures and the exit and entry patterns in the data. Tables

2 and 3 replicate Tables 1a and 1b from BR in summarizing dentist exit and entry by

market between 1980 and 1988 with and without adjustments made for retirements and

possible deaths. These tables also present the marginal distributions of dentists by market

for 1980. Table 4 offers further comparisons of our sample versus that of BR by comparing

the counts and age distributions of active and retired dentists along with market averages

of dentists and town and county populations. In many ways, our sample is very similar

to that of BR. We publish an online appendix on our website to detail the differences

between our data and BR’s data.

In this illustrative exercise, we use the population data as the only demand indicator

and do not include the market-level characteristics ζ.

4.2 Estimation Results

We pool the year-to-year transition data on producer count and population from 1980

to 1988 to construct a 2-period panel. This plan covers 1216 (152 × 8) observations on

market transitions. Table 1 presents some descriptive statistics for the data. The size of

the market measured by the number of residents ranges from around 1,000 to over 8,000.

Overall, the market size distribution in 1988 is not very different from its counterpart in

1980. However, from 1980 to 1988, many markets experience sizeable population changes.

The median of the population change is -7.2% over the 8-year period. The median of the

annual population change is -0.8%. Because this change generally accumulates over time

rather than cancels out, we set fC(·|Ct−1) to equal a mixture over 51 reflected random

walks in C with uniformly distributed innovations. The demand index Ct is defined as the

logarithm of number of county residents at time t, and it is discretized on a grid with 301
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points. The grid covers all realized values of Ct. The standard deviation of the innovation

is the sample standard deviation of Ct. The annual discount factor β is set to be 0.95.

Mean 10% 25% Median 75% 90%

Population in 1980 4695 1810 2819 4070 6689 8539

Population in 1988 4583 1589 2538 4051 6159 8430

% of Pop. change 1980 v.s. 1988 -3.9 -17.2 -12.4 -7.2 2.0 11.1

Absolute % of pop. change 1980 v.s. 1988 11.1 2.4 5.4 9.5 14.1 20.2

% of Annual pop. change 1980-1988 -0.5 -3.8 -2.3 -0.8 0.9 2.9

Absolute % of annual pop. change 1980-1988 2.4 0.3 0.8 1.8 3.1 5.0

No. of Dentists per Market 1980 1.92 0 1 2 3 4

No. of Dentists per Market 1988 1.87 0 1 1 3 4

No. of Dentists per 1K residents 1980 0.39 0.00 0.20 0.37 0.55 0.73

No. of Dentists per 1K residents 1988 0.38 0.00 0.16 0.36 0.52 0.75

Table 1: Summary Statistics

The surplus function π is parametrized as

π(n, c; θπ) = αn × exp(c)× 10−3.

This specification allows us to flexibly estimate the impact of competition on firms’

markups. However, as presented in Table 1, in most of the markets, the number of

operating dentists never exceeds 4, which makes it difficult to accurately estimate αn for

n ≥ 5. Therefore, we set Ň = 4 and convert any observation Nt > 4 to 4. We also impose

the constraint that αn is non-increasing in n and ϕn is non-decreasing in n. Because we

can only identify the parameters up to scale, we normalize κ to be 1.

We implement the estimation in Matlab using the optimization library KNITRO. The

fixed points of the contraction mappings are computed using successive approximation.

The estimation procedure typically takes 20-40 minutes on an off-the-shelf computer. The

estimation results are reported in Table 2. The standard errors and confidence intervals

are constructed using re-sampling bootstrap.

Our specification has 9 free parameters. Under the estimates, the average likelihood

contribution of each producer count transition is 0.672. The counterpart in BR’s bench-

mark specification (Specification (1) in BR’s Table 5) with 15 free parameters is 0.35. So,

our model provides a better fit for the data with less parameters.

2Because the likelihood contribution of each producer count transition is a probability, it has a theo-

retical maximum of 1.
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Estimates Standard Error 90% Confidence Interval 95% Confidence Interval

ϕ1 265.93 236.14 [126.55,754.36] [117.07,920.15]

ϕ2 265.93 251.99 [139.51,754.36] [123.86,920.15]

ϕ3 297.62 306.22 [159.00,971.75] [145.53,1256.86]

ϕ4 297.62 334.78 [159.00,1128.41] [145.53,1268.99]

α1 1.86 0.61 [1.38,3.19] [1.30,3.61]

α2 0.88 0.23 [0.70,1.36] [0.69,1.47]

α3 0.66 0.15 [0.54,1.00] [0.52,1.08]

α4 0.43 0.09 [0.36,0.63] [0.35,0.65]

σ 1.88 0.17 [1.65,2.17] [1.64,2.28]

Table 2: The Estimates and the Bootstrap Confidence Intervals

The estimated coefficients αn suggest that dentists’ variable profit per 1000 residents

decreases a little more than proportionally as the market structure changes from monopoly

to duopoly, and less than proportionally as the number of dentists further increases. This

is qualitatively similar to BR’s result in their benchmark specification, but quantitatively

different: our model predicts a sharper drop of payoff for dentists when the market changes

from monopoly to duopoly, and a milder drop when the number of dentists further in-

creases. Given the estimate for σ, the median of the fixed cost κ exp(ϕ) is around 1. When

the fixed cost is at this value, a monopoly dentist needs a market with approximately 550

residents to cover the median fixed cost, while a dentist facing another three competitor

needs a market with 2,350 residents to break-even in a single-period.

The estimates for the sunk cost of entry coefficients ϕn is the same for the first and

second entrants, as well as for the third and the fourth entrants. The difference between

the second and the third entrants’ sunk cost is not large either. This pattern suggests

that existing dentists are not likely to pose an entry barrier. However, these coefficients

are imprecisely estimated and have large standard errors. When exp(ϕ) is at its median,

even the largest market we observed is not sufficiently large for the first operating dentist

to recover the sunk cost of entry. Therefore, an entry happens only when a very favorable

cost shock is realized, which explains why entry is a rare event in the sample: among the

1216 market transitions, only 75 entries are observed.

5 Conclusion

In this paper, we develop an estimable dynamic oligopoly model to quantify important

oligopolistic market structure determinants, such as mark-ups, fixed costs of operation

and sunk costs of entry. The LIFO assumption helps us to tackle the common equilibrium
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multiplicity issue in this type of dynamic models. This also allows us to solve the oligopoly

game as a sequence of single-agent dynamic discrete choice problems and estimate the

primitive parameters using a quick and reliable algorithm.

Although the LIFO assumption is admittedly a crucial piece that renders our model

tractable, it is not the only solution. First, some other sequentiality assumptions (e.g.

“first-in first-out”) are also sufficient to ensure the essential uniqueness of Markov-perfect

equilibrium in our model. In general, such an assumption needs not to be tenure-related,

although we do require the order of actions to be determined exogenous3. For instance,

we can extend our model to allow firms’ time-invariant characteristics dictating the order

of action.

Second, sequentiality is not even necessary to guarantee dynamic model’s tractability.

Abbring, Campbell, Tilly, and Yang (2012) develop another estimable dynamic oligopoly

model that shares many features with ours, including stochastic demand and various costs

shocks, but allows firms to make exit decisions simultaneously. Their model also has an

essentially unique symmetric Markov-perfect equilibrium that can be quickly computed

using a sequence of contraction mappings.

3If, for instance, firms can make investment to overtake rivals in the order of action, equilibrium

multiplicity emerges. Ericson and Pakes (1995) is a well-known example
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Appendices

A Proofs

Proof for Proposition 2. In any Markov-perfect equilibrium, aS necessarily satisfies

aS(x, c, n, w, ζ) ∈ arg max
a∈[0,1]

aEW ′,C′ [π(N ′n(x, c, w, ζ), C ′, ζ)− κ exp(w)

+ v(N ′n(x, c, w, ζ)− n,C ′, n,W ′, ζ) C = c,W = w, ζ]
(13)

in which

N ′n(x, c, w, ζ) = n+
Ň−n∑
j=1

[I {j ≤ x, (c, w) ∈ Sn+j,ζ}+ I {j > x, (c, w) ∈ En+j,ζ}] ,

To prove that aS(x, c, n, w, ζ) is also determined by Equation (3), note that

(i). When N ′n(x, c, w, ζ) = n, Equation (3) coincide with Equation (13).

(ii). When N ′n(x, c, w, ζ) > n, it must be the case that either (c, w) ∈ Sn+k,ζ or (c, w) ∈
En+k,ζ for some k ≥ 1, which implies aS(x−k, c, n+k, w, ζ) = 1 or aE(c, n+k, w, ζ) =

1. According to the monotonicity in survival/entry strategy in Proposition 1, the

operation of the n+ k-ranked firm means that the n-ranked firm is also active in a

LIFO equilibrium, so aS(x, c, n, w, ζ) = 1.

In Equation (3), when N ′n(x, c, w, ζ) > n, because v(x, c, n, w, ζ) is weakly decreasing

in x (Proposition 1) and π(n, c, ζ) is weakly decreasing in n we have

vS(c, n, w, ζ)

≥EW ′,C′ [π(N ′n(x, c, w, ζ), C ′, ζ) + v(N ′n(x, c, w, ζ)− n,C ′, n,W ′, ζ) C = c,W = w, ζ]

>κ exp(w).

This means that under (3), we also get aS(x, c, n, w, ζ) = 1.

Therefore, Equation (3) always gives the equilibrium strategy aS(x, c, n, w, ζ).

Similarly, we can prove that aE determined by (4) is the equilibrium entry strategy.

Proposition 3. Define W to be the space of all functions:

g : Z+ ×
[
Ĉ, Č

]
×Z →

[
0,
βπ(0, Č, ṽmin, κ)

1− β

]
and define the Bellman operator Kr :W →W with
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Kr(g)(x, c, ζ) = Pr(W ∈ J g
r,ζ(c))β

(
EC′ [EW [π (N ′r(x, c,W, ζ), C ′, ζ)− κ exp(W )

+g(N ′r(x, c,W, ζ)− r, C ′, ζ) W ∈ J g
r,ζ(c), C = c, ζ] C = c, ζ]

)
where

J g
r,ζ(c) ≡

{
w
(
EC′ [π (r, C ′, ζ) C = c, ζ]− κ exp(w)

+EC′ [g(0, C ′, ζ) C = c, ζ]
)
> 0
}
,

Then Kr is a contraction mapping.

The unique fixed point of this contraction mapping is EW [ṽr(x, c,W, ζ) C = c, ζ]. This

is an integrated value function, with its domain in a reduced state space Z+×
[
Ĉ, Č

]
×Z

instead of Z+×
[
Ĉ, Č

]
×O×Z. This simplification significantly reduces the dimensionality

of the problem.

Proof of Proposition 3. We prove that the Blackwell’s sufficient conditions hold for Kr.

With the presence of β < 1, discounting is obvious. To show the monotonicity, consider

w1, w2 ∈ W and w1(x, c, ζ) ≤ w2(x, c, ζ) for all (x, c, ζ). Use J wi
r,ζ , i = 1, 2 to denote the

Jr,ζ set associated with function wi. By construction, J w1
r,ζ ⊆ J

w2
r,ζ . In addition, by the

definition of J w2
r,ζ (c), for any w ∈ J w2

r,ζ (c),

EC′ [π (r, C ′, ζ) + g(0, C ′, ζ) C = c, ζ] ≥ κ exp(w).

As we have shown in the proof for Proposition 2, if N ′r(x, c, w, ζ) > r, it is resulted by the

entry or continuation decision from firms with rank larger than r, which implies that for

any w ∈ J w2
r,ζ (c),

EC′ [π (N ′r(x, c, w, ζ), C ′, ζ) + g(N ′r(x, c, w, ζ)− r, C ′, ζ) C = c, ζ] ≥ κ exp(w). (14)

Therefore

Kr(w2)(x, c, ζ)

= Pr(W ∈ Jw2
r,ζ (c)\Jw1

r,ζ (c))β
(
EC′ [EW [π (N ′r(x, c,W, ζ), C ′, ζ)− κ exp(W )

+w2(N ′r(x, c,W, ζ)− r, C ′, ζ) W ∈ J w2
r,ζ (c)\Jw1

r,ζ (c), C = c, ζ] C = c, ζ]

+ Pr(W ∈ J w1
r,ζ (c))β

(
EC′ [EW [π (N ′r(x, c,W, ζ), C ′, ζ)− κ exp(W )

+w2(N ′r(x, c,W, ζ)− r, C ′, ζ) W ∈ Jw1
r,ζ (c), C = c, ζ] C = c, ζ]

≥ 0 + Pr(W ∈ J w1
r,ζ (c))β

(
EC′ [EW [π (N ′r(x, c,W, ζ), C ′, ζ)− κ exp(W )

+w1(N ′r(x, c,W, ζ)− r, C ′, ζ) W ∈ Jw1
r,ζ (c), C = c, ζ] C = c, ζ]

≥ Kr(w1)(x, c)
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For any w ∈ J w2
r (c)\Jw1

r (c), (14) holds. So the first term after equality is non-negative.

The first inequality uses this fact and w1 ≤ w2. With the monotonicity requirement

satisfied, Kr is proven to be a contraction mapping.

B Summary Statistics
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Table 1: ADA Directory Sample Statistics
Our Sample BR Sample

Counts Counts

Dentists 371 Dentists 370

Students 8 Students 8

Public Health 6 Public Health 4

Retired Dentists Retired Dentists

1980 24 1980 19

1988 41 1988 61

Active Dentists Active Dentists

1980 253 1980 258

1988 237 1988 219

Firms Firms

1980 238 1980

1988 224 1988

Group Practices 20 Group Practices 12

Total Entry 76 Total Entry 75

graduations 27 graduations 37

relocations 36 relocations w/in state 19

from public health 5

unknown 7

Total Exit 95 Total Exit 117

retirement 31 retirement 40

retire and relocate 4 retire and relocate 16

relocate 38 relocate 30

possible death 22 possible death 31
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Table 2: Counts of Markets by Number of Active Dentists in 1980

Our Sample

1988

0 1 2 3 4 5 or more Total

0 27 8 1 0 0 0 36

1 12 35 1 2 0 0 50

1980 2 2 13 11 3 4 0 33

3 0 1 8 7 5 0 21

4 0 0 3 1 0 2 6

5 or more 0 0 0 1 0 5 6

BR Sample

1988

0 1 2 3 4 5 or more Total

0 31 8 0 0 0 0 39

1 8 32 2 0 0 0 42

1980 2 4 17 8 2 3 0 34

3 0 3 7 7 3 0 20

4 0 1 2 6 0 0 9

5 or more 0 0 1 0 2 5 8
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Table 3: Counts of Markets by Adjusted Number of Active Dentists in 1980

Our Sample

1988

0 1 2 3 4 5 or more Total

0 33 13 2 0 0 0 48

1 8 38 4 3 1 0 54

1980 2 0 5 14 5 4 0 28

3 0 1 4 6 4 0 15

4 0 0 0 0 0 4 4

5 or more 0 0 0 0 0 3 3

BR Sample

1988

0 1 2 3 4 5 or more Total

0 34 14 1 0 0 0 49

1 8 41 4 3 0 0 56

1980 2 1 6 11 2 5 1 26

3 0 0 4 9 2 3 18

4 0 0 0 1 1 0 2

5 or more 0 0 0 0 0 1 1
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Table 4: Dentist and Market Sample Averages

Our Sample
Dentist Averages

1980 1988

Age Active 45.6 46.5

Number Active 253 237

Age Retired 73 69.2

Number Retired 24 41

Market Statistics

1980 1988

Mean Std. Dev. Mean Std. Dev.

Incumbent Dentists 1.57 1.41 1.47 1.5

Adjusted Incumbents 1.24 1.23 1.47 1.5

1980

Mean Std. Dev.

Town Population 2077 1518

County Minus Town Population 2644 1727

BR Sample
Dentist Averages

1980 1988

Age Active 48 46.8

Number Active 258 219

Age Retired 76.1 70.5

Number Retired 19 61

Market Statistics

1980 1988

Mean Std. Dev. Mean Std. Dev.

Incumbent Dentists 1.62 1.42 1.34 1.31

Adjusted Incumbents 1.15 1.08 1.34 1.31

1980

Mean Std. Dev.

Town Population 2077 1518

County Minus Town Population 2618 1713
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