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This paper establishes the existence and uniqueness of an intuitively refined Markov-perfect

equilibrium in a richly-specified dynamic duopoly model of entry and exit. The model features per-

sistent demand uncertainty, sunk costs of entry, and firm-specific stochastic technological progress.

We focus on natural Markov-perfect equilibria (Cabral 1993), a class of symmetric equilibria in

which a firm with superior technology never exits while leaving behind a less advanced rival. We

develop an algorithm to very quickly compute the unique such equilibrium using a sequence of

low-dimensional contraction mappings. This algorithm centers our constructive proof of equilib-

rium existence, and it makes the model useful for practical policy experiments with large sets of

parameter configurations.

In our infinite-horizon model, potential entrants pay sunk costs to become active; and active

firms’ technologies idiosyncratically and stochastically improve over time. Demand follows a general

Markov process. A firm’s static payoff rises with its own technological progress and declines with

the entry and technological development of a rival. Firms can exit the market irreversibly to avoid

expected losses. Researchers can parametrize the sunk costs, profitability progression, demand

process, and product market competition to suit a particular policy analysis. For example, one

could easily specify the demand process to quantify the analytical characterization of entry into

growing markets from Shen and Villas-Boas (2010). Similarly, the technology process can mimic

the gradual growth of new product awareness among a market’s customers. We leave specific

analyses for future work and instead demonstrate numerically that equilibrium calculation is very

fast. An off-the-shelf personal computer running Matlab requires about one minute to calculate the

unique equilibrium when each firm’s technology level equals one of thirty values and the aggregate

shock’s support has 201 points.

Our results leverage one key insight into the structure of payoffs in a symmetric Markov-perfect

equilibrium: When two firms with equal technology types simultaneously choose to exit with a

positive probability, the expected payoff from continuation equals the payoff from exit, zero. This

allows calculation of firms’ expected continuation values at some nodes of the game tree without

knowing how the game will proceed thereafter. Thus, we can use a particular backward induction

to determine firms’ payoffs, even though the game has no absorbing states. Abbring, Campbell,

Tilly, and Yang (2015) employ this insight to characterize the existence and uniqueness of symmet-

ric Markov-perfect equilibrium when firms are homogeneous. Post entry heterogeneity arising from

stochastic technological progress introduces substantial complications to that analysis, which this

paper addresses. The backward induction makes our algorithm similar to the equilibrium calcu-
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lations of Judd, Schmedders, and Yeltekin (2012) and Iskhakov, Rust, and Schjerning (2014), but

it also differs from those because there is no strategy-independent notion of directionality for our

game’s evolution.

Our proof of equilibrium uniqueness shows that removing a technologically-identical rival never

reduces an incumbent firm’s value. This monotonicity is intuitive, but it does not follow trivially

from the analogous monotonicity of firms’ static payoffs. Indeed, it is not difficult to demonstrate

that two identical firms can raise each other’s values by jointly deterring entry of two or more less

advanced firms. Although our basic insight can be applied to calculate such models’ equilibria,

the possibility of non-monotone continuation values substantially complicates the analysis. This

paper’s restriction to the common setting of markets with no more than two active firms removes

this issue.

Our model complements the dynamic oligopoly framework first presented by Ericson and Pakes

(1995), for which Doraszelski and Satterthwaite (2010) analytically established equilibrium exis-

tence. In particular, researchers can quickly calculate our model’s unique equilibrium for many

parameter configurations. The lack of a fast algorithm for equilibrium calculation has impeded

the application of Ericson and Pakes’s (1995) framework, but it is nevertheless more suitable than

ours for characterizing firms’ investment decisions (besides entry and exit) in an oligopolistic set-

ting. The analysis of Oblivious Equilibrium (Weintraub, Benkard, and Van Roy 2008 and Benkard,

Jeziorski, and Weintraub 2013) provides another approach to reducing the difficulty of Markov-

perfect equilibrium calculation. Oblivious Equilibrium characterizes industry dynamics involving

many competitors, whereas our model applies to markets with only one or two firms.

1 The Model

The model consists of a single oligopolistic market in discrete time, indexed with t. At any given

time, either zero, one, or two firms serve the market. Each active firm has an idiosyncratic technology

type Kt that takes values in K ≡ {1, . . . , ǩ}. Here, ǩ <∞ is the highest possible technology type.1

The sequence of events and actions within period t begins with the inherited values of firms’

technology types and an indicator of aggregate profitability Ct ∈ C. We will consistently refer to Ct

as “demand,” although supply-side variables may influence it in any given application. Conditional

1Although we will refer to Kt consistently as reflecting the firm’s technology type, it could have a demand-side

interpretation, like that highlighted in the introduction.
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on these states, the active firms receive profits from serving the market. For a type Kt firm facing a

type Xt rival and demand Ct, these equal π(Kt, Xt, Ct). When the firm of interest is a monopolist,

we set Xt to zero. After active firms receive their profits, entry can take place. If fewer than two

firms are active at the start of t, then up to two potential entrants make entry decisions.2 Remaining

out of the industry yields a payoff of zero, while entry requires the payment of a sunk cost ϕ. After

paying this cost, an entrant immediately joins the set of active firms with technology type 1. If

the industry has a single incumbent, then there is one potential entrant. If instead the industry

is empty, then two potential entrants make their choices sequentially.3 The potential entrants for

period t do not have the option to delay their entry opportunities. Instead, they are replaced in

the next period by new firms.

Following potential entrants’ decisions; all active firms (both incumbents and new entrants) si-

multaneously choose between continuation and exit. Exit is irreversible, and its payoff is zero. This

may be a rational choice, because it would allow a firm to avoid future losses when π(K,X,C) is

negative. More specifically, firms’ entry and exit decisions maximize their expected profit streams

discounted with β < 1. Independent Markov-chains over K with transition matrix Π govern contin-

uing firms’ technology types in period t+ 1.4 The (i, j) element of Π is the probability for a type i

firm to progress to type j. A Markov process also determines Ct+1 given Ct.

Our first assumption restricts the flow profit function π.

Assumption 1 (Monotone and Bounded Profits). For all demand states c ∈ C:

i. for all k ∈ {1, . . . , ǩ − 1} and all x ∈ {0} ∪K, π(k, x, c) ≤ π(k + 1, x, c);

ii. for all (k, x) ∈ K2, π(k, x, c) ≤ π (k, x− 1, c); and

iii. there is a π̌ <∞ such that for all (k, x) ∈ K× {0} ∪K, |π(k, x, c)| ≤ π̌ .

2Here, we impose the assumption that no more than two firms serve the industry at a given time by limiting the

set of potential entrants. One could derive this more formally by restricting profits to be negative if three or more

firms serve the industry at the cost of generalizing the notation employed.
3Of course, a firm benefits from being first in this sequence; but since the firms are identical after entry the

assignment of firms to positions in this queue is of no consequence. Also, when a certain application requires, it would

be straightforward to modify the framework so that two potential entrants make their choices simultaneously. This

would introduce the possibility of unprofitable entry mistakes, as in Cabral (2004).
4Since entrants’ technology types evolve before their first period of production, we can use the distribution of Kt+1

given Kt = 1 to distribute new firms’ types nontrivially. That is, the assumption that all entrants have Kt = 1 is not

overly restrictive.
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Assumptions 1.i and 1.ii require that a firm’s profits increase with its own technology and decrease

with addition of a rival or the improvement of the rival’s technology. Assumption 1.iii says that a

firm’s flow profits are bounded.

The remaining assumptions align the static notion of having better technology from Assumption

1 with its dynamic consequences. These require that the next period’s type for a firm with a high

current type stochastically dominates next period’s type for a rival with a lower current type, and

that firms’ technology types never regress.

Assumption 2 (Monotone Technology Dynamics). For all k ∈ {1, . . . , ǩ − 1} and all k′ ∈ K,

Pr
(
Kt+1 ≥ k′ Kt = k

)
≤ Pr

(
Kt+1 ≥ k′ Kt = k + 1

)
.

Assumption 3 (No Technology Regress). Π is upper diagonal.

With the model’s primitives in place, we consider firms’ choices that are consistent with Markov-

perfect equilibria. In these, firms follow strategies that only depend on payoff-relevant variables.

For a firm contemplating entry into a market with a rival of type x in place, the only payoff-relevant

variables are the current value of Ct and the rival’s technology type. If a firm is instead making its

survival decision, the payoff relevant variables are these and the firm’s own technology type.

A Markov strategy for a firm is a pair (aE , aS) of functions aE (x, c) ∈ {0, 1} and aS (k, x, c) ∈

[0, 1]. The entry rule (aE) assigns an indicator for becoming active given an entry opportunity to

each possible value of the payoff relevant variables. We limit this to the pure strategy outcomes

because potential entrants’ decisions proceed sequentially. Similarly, the survival rule (aS) gives a

probability of being active in the next period given that the firm is currently active. A symmetric

equilibrium is an equilibrium in which all firms follow the same strategy (aE , aS). That is, no

firm’s strategy depends on a permanent but payoff-irrelevant characteristic, such as its name. In

the remainder of the paper, we focus on symmetric equilibria.

Firms’ expected discounted profits in two of each period’s nodes are of particular interest, the

post-entry value and the post-survival value. The post-entry value vE(k, x, c) equals the expected

discounted profits just after all entry decisions have been sequentially realized. When evaluated at

k = 1, it gives the payoffs to a potential producer from entering, so vE determines optimal entry

choices. The post-survival value vS(k, x, c) equals the expected discounted profits just after all
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survival decisions have been realized, so it is central to the analysis of exit. These satisfy

vE(k, x, c) = aS(k, x, c)

(
aS(x, k, c)vS(k, x, c) + (1− aS(x, k, c))vS(k, 0, c)

)
, (1)

and

vS(k, x, c) = βE

[
π(K ′, X ′, C ′) + I{x > 0}vE(K ′, X ′, C ′)

+ I{x = 0}

(
aE(K ′, C ′)vE(K ′, 1, C) + (1− aE(K ′, C ′))vE(K ′, 0, C ′)

)
C = c,K = k,X = x

]
.

(2)

Here and throughout, we use capital letters to represent random variables and reserve small letters

for their realizations; we denote a generic variable Z in the next period with Z ′; and we use I{·} as

an indicator for its argument’s truth. Equation (1) gives the post-entry value as the expectation of

the post-survival value given that any rival uses the survival rule aS . (In the case with x = 0, we

assign aS(x, k, c) an arbitrary value.) Equation (2) gives the post-survival value as the expectation

of next period’s post-entry value, given that next period’s potential entrants (if there are any) use

the entry rule aE . For (aE , aS) to form a symmetric Markov-perfect equilibrium, it is necessary

and sufficient that no firm can gain from a one-shot deviation from it (Fudenberg and Tirole, 1991,

Theorem 4.2).

Markov-perfection requires strategies to have non trivial dependence only on payoff-relevant

states, but it leaves open other possible equilibria that are nevertheless unrealistic. For example,

whenever two firms with different technological types would both earn losses from continuing; a

Markov-perfect strategy could dictate that the firm with the better technology exit for sure. Putting

a technologically more advanced firm at such a strategic disadvantage strikes us as unrealistic for

most applications, so we rule out this possibility ex ante. Hereafter, we follow Cabral (1993) and

restrict attention to equilibria in which a high type firm never exits when a low type competitor

survives. Cabral calls these equilibria “natural.”

Definition 1. A natural Markov-perfect equilibrium is a symmetric Markov-perfect equilibrium

(aE , aS) such that for all (h, l) ∈ K2 with l < h and all c ∈ C;

aS(l, h, c) > 0 implies aS(h, l, c) = 1.

Before proceeding to examine the set of natural Markov-perfect equilibria, we must consider one

uninteresting source of equilibrium multiplicity. With an equilibrium in hand, change one player’s
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action at a particular node of the game. If this change gives the same payoff to the player in

question and all other players’ equilibrium actions at that node remain optimal, then this change

forms a second equilibrium. This situation can arise when the payoff to entry equals zero and when

the survival payoff to an incumbents of a distinct type equals zero. To eliminate this unnecessary

complication, we require firms in such situations to choose inactivity.

Definition 2. A Markov strategy (aE , aS) with corresponding payoffs vE and vS defaults to inac-

tivity if for all k ∈ K, x ∈ {0} ∪K, and c ∈ C;

• vE(1, x, c) = ϕ implies aE(x, c) = 0 and

• aS(x, k, c)vS(k, x, c) + (1− aS(x, k, c))vS(k, 0, c) = 0 and x 6= k implies aS(k, x, c) = 0.

The remainder of the paper restricts attention to natural equilibria with strategies that default to

inactivity.5

2 Equilibrium Construction for ǩ = 2

To lay the groundwork for the model’s analysis, we first construct an equilibrium for the special case

with ǩ = 2. This displays the model’s most important moving parts without undue complication.

The equilibrium construction proceeds in six steps. The first five take us through a partition of

the state space. In each of these, we compute the equilibrium payoffs in the states considered by

finding the fixed point of a contraction mapping. The results from the completed steps are used

as inputs in the following steps. Figure 1 illustrates this sequence of computations. Each of its six

panels contains 5 vertically-divided rectangles. Each one represents a market structure, with the

numbers on the top and bottom giving the number of active type 1 and type 2 firms. The path

of the computer indicates the sequence of the steps.6 If the value function for a firm with a given

type in a particular market structure is being calculated in a step, then its half-rectangle is colored

red. In subsequent steps it is colored blue to indicate that it is in hand. The construction ends by

specifying the unique strategy that supports the equilibrium payoffs in the sixth step.

Step 1: Calculation of vE(2, 2, ·) and vS(2, 2, ·) As depicted by the upper-left panel in Figure

1, we start the equilibrium construction by considering a market populated by two type 2 firms.

5Note that we do not restrict the game’s strategy space to include only strategies that default to inactivity.
6The computer is an Atari 400, first sold in November 1979. It had 8 Kb of RAM and could run BASIC programs

loaded from a cassette tape drive.
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Figure 1: Equilibrium Computation with Two Productivity Types
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Note: There are five possible duopoly market structures. Each divided rectangle represents one of them, with the

top and bottom numbers giving the number of type 1 and type 2 firms. Each collection of five rectangles displays

the value functions being calculated (in red) and the value functions already in hand (in blue) at one stage of the

algorithm.

Suppose that we are at a post-entry node of the game tree and consider the survival decisions of

the two incumbents. For them, the survival rule aS(2, 2, c) forms a Nash equilibrium of the static

simultaneous-move game with payoffs given by the expected continuation values in demand state

c. Figure 2 gives this game’s reduced-form representation with the two pure strategies “Survive”

and “Exit”. The upper-left expression in each cell is the row player’s payoff. A firm that survives

while its rival exits earns the monopoly post-survival value vS(2, 0, c). Both firms receive the

duopoly post-survival payoff vS(2, 2, c) following joint survival. This adds the discounted duopoly

flow payoff π(2, 2, C ′) to the discounted duopoly post-entry payoff vE(2, 2, C ′). Consequently, it

satisfies a special case of Equation (2): vS(2, 2, c) = βE [π(2, 2, C ′) + vE(2, 2, C ′) C = c].

If vS(2, 2, c) < 0, then a symmetric equilibrium strategy must put positive probability on “Exit”.

That pure strategy’s payoff always equals zero. Thus, any mixed strategy involving “Exit” also leads
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Figure 2: Reduced-form Representation of the Duopoly Continuation Game

Survive Exit

Survive
vS(2, 2, c)

vS(2, 2, c)

vS(2, 0, c)

0

Exit
0

vS(2, 0, c)

0

0

Note: In each cell, the upper-left expression gives the row player’s payoff. Please see the text for details.

to zero expected payoff. If instead vS(2, 2, c) > 0, then “Survive, Survive” forms one equilibrium

of Figure 2’s static game. We assume (for the moment) that duopolists always choose survival

whenever vS(2, 2, c) > 0. Since vE(2, 2, c) equals the symmetric equilibrium payoff to this game, it

satisfies the following special case of Equation (1) in this equilibrium:

vE(2, 2, c) = max {0, vS(2, 2, c)} = max
{

0, βE
[
π(2, 2, C ′) + vE(2, 2, C ′) C = c

]}
. (3)

The right-hand side satisfies Blackwell’s sufficient conditions and so defines a contraction mapping,

so there is a unique vE(2, 2, ·) that satisfies Equation (3). Its fixed point and (2) yield vS(2, 2, ·).

This is the key technical insight that makes the calculation of the model’s Markov-perfect industry

dynamics fast. Although duopoly with only type 2 firms is not an absorbing state for the industry,

we can calculate equilibrium duopoly payoffs without knowledge of the firms’ payoffs in all possible

future market structures. This is because firms’ common post-entry value in a symmetric equilibrium

equals zero whenever joint continuation is not individually profitable.

Step 2: Calculation of vE(1, 2, ·), vS(1, 2, ·), aE(2, ·), and aS(1, 2, ·). Moving down one panel

in Figure 1, we calculate the equilibrium payoffs of a type 1 firm facing a type 2 rival. When this

firm chooses survival, it advances to 2 with probability Π12 and remains unchanged with probability

Π11 ≡ 1−Π12. Because we are constructing a natural equilibrium and because the rival has a higher

technology type, the firm rationally expects its rival to survive whenever it does. Therefore, the

continuation value vE(1, 2, c) must satisfy

vE(1, 2, c) = max
{

0, vS(1, 2, c)
}

=βmax
{

0,Π11E
[
π(1, 2, C ′) + vE(1, 2, C ′)|C = c

]
+ Π12E

[
π(2, 2, C ′) + vE(2, 2, C ′)|C = c

]}
.
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Since vE(2, 2, ·) is in hand from Step 1, this defines a contraction mapping with fixed point vE(1, 2, ·).

With this in hand, we can then easily compute vS(1, 2, ·, ), aE(2, c) = I{vE(1, 2, c) > ϕ}, and

aS(1, 2, c) = I{vS(1, 2, c) > 0}. Note that these rules default to inactivity. When C has a distribution

without atoms, it almost surely prescribes the same action as any other entry rule consistent with

profit maximization that does not default to inactivity. For this reason, our requirement that the

potential entrant default to inactivity has no substantial economic content.

Step 3: Calculation of vE(2, 0, ·), vS(2, 0, ·), vE(2, 1, ·), and vS(2, 1, ·). The next step, shown in

the bottom-left panel of Figure 1, begins with the calculation of continuation payoffs for a type 2 firm

facing either no rival or a type 1 rival. Since rivals with lower types can come and go while a high-

type remains active, these two continuation values intrinsically depend upon each other. Therefore,

we calculate them at once. We treat the entry and exit of the type 1 rival as exogenous to this

firm’s continuation decision, because we are constructing a natural equilibrium. A market with a

type 2 monopolist incumbent attracts an entrant next period if and only if aE(2, C ′) calculated in

Step 2 equals one, so vE(2, 0, ·) and vE(2, 1, ·) together satisfy

vE(2, 0, c) = max
{

0, vS(2, 0, c)
}

= βmax
{

0,E
[
π(2, 0, C ′) + aE(2, C ′)vE(2, 1, C ′)

+
(
1− aE(2, C ′)

)
vE(2, 0, C ′) C = c

]}
.

(4)

Because aE(2, C ′) is in hand from Step 2, the only unknowns on the right-hand side of (4) are the

value functions.

A continuing type 2 duopolist facing a type 1 rival remains a duopolist with probability aS(1, 2, c).

Because aS(2, 1, c) = 1 whenever aS(1, 2, c) > 0 in a natural equilibrium; these value functions must

also satisfy

vE(2, 1, c) = aS(1, 2, c)vS(2, 1, c) + (1− aS(1, 2, c)) max{0, vS(2, 0, c)}

=aS(1, 2, c)β
(

Π11E[π(2, 1, C ′) + vE(2, 1, C ′)|C = c] + Π12E[π(2, 2, C ′) + vE(2, 2, C ′)|C = c]
)

+ (1− aS(1, 2, c)) max{0, vS(2, 0, c)}.

(5)

We calculated vE(2, 2, ·) in Step 1 and aE(2, ·) and aS(1, 2, ·) in Step 2, so together, the right-hand

sides of (4) and (5) define a contraction mapping with its fixed point f(c, x) equal to vE(2, x, c) for

x ∈ {0, 1} and c ∈ C. With this in hand, obtaining vS(2, 0, ·) and vS(2, 1, ·) is straightforward. It

is not hard to demonstrate that vS(2, 0, c) ≥ vS(2, 2, c). Therefore, the temporary assumption from

Step 1 that dupolists always coordinate on joint continuation when this is individually profitable is
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not actually binding in this equilibrium. Put differently, individual survival is a dominant strategy

in the one-shot game depicted in Figure 2 whenever vS(2, 2, c) > 0.

Step 4: Calculation of vE(1, 1, ·), aE(1, ·), and vS(1, 1, ·). Proceeding to the upper-right panel

of Figure 1, we consider a duopoly market with two type 1 firms. Just as in Step 1, the survival

game played out between these firms resembles the one depicted in Figure 2. If the individual value

of simultaneous survival is positive, then joint continuation is one Nash equilibrium outcome of the

survival game. However, the possible post-survival type transitions slightly complicate the payoff

calculations. If both firms choose survival, then their idiosyncratic shocks could change the market

structure to either of the duopoly structures considered in Steps 1-3 or leave it unchanged. As in

Step 1 we temporarily assume that firms coordinate on joint survival whenever this is individually

profitable. Therefore,

vE(1, 1, c) = max
{

0, vS(1, 1, c)
}

= βmax
{

0,Π2
11E

[
π(1, 1, C ′) + vE(1, 1, C ′)|C = c

]
+ Π11Π12E

[
π(1, 2, C ′) + vE(1, 2, C ′) + π(2, 1, C ′) + vE(2, 1, C ′)|C = c

]
+ Π2

12E
[
π(2, 2, C ′) + vE(2, 2, C ′)|C = c

]}
.

The only unknown on the righthand side is vE(1, 1, ·), so this defines a contraction mapping with

that function as its fixed point. With this in hand, calculating vS(1, 1, ·) is straightforward. The

rule for entry into a market with one type 1 incumbent can then be constructed as aE(1, c) =

I{vE(1, 1, c) > ϕ}.

Step 5: Calculation of vE(1, 0, ·), vS(1, 0, ·), and aS(1, 0, ·). As shown in the middle-right panel

of Figure 1, the only remaining unconstructed payoff is that for a type 1 monopolist. If such a firm

chooses survival, then its own type transition and the potential entrant’s decision together place it

into one of four market structures in the next period. Therefore, its continuation value satisfies

vE(1, 0, c) = max
{

0, vS(1, 0, c)
}

= max
{

0,Π11E
[
π(1, 0, C ′) + aE(1, C ′)vE(1, 1, C ′) +

(
1− aE(1, C ′)

)
vE(1, 0, C ′)|C = c

]
+ Π12E

[
π(2, 0, C ′) + aE(2, C ′)vE(2, 1, C ′) +

(
1− aE(2, C ′)

)
vE(2, 0, C ′)|C = c

]}
.

Given the value functions and entry strategies calculated in Steps 1–4, the right-hand side defines

a contraction mapping with vE(1, 0, ·) as its fixed point. From this, we calculate vS(1, 0, ·). It

is not hard to demonstrate that the calculated value of vE(1, 0, c) weakly exceeds vE(1, 1, c) from
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Step 4, so again the assumption that duopolists coordinate on joint continuation whenever this is

individually profitable (made in Step 4) does not actually bind.

Step 6: Calculation of aS(2, 0, ·), aS(1, 0, ·), aS(2, 1, ·), aE(0, c), aS(2, 2, ·) and aS(1, 1, ·). The

previous five steps determined all equilibrium continuation values, rules for entry into a market

with one incumbent, and survival rules for firms facing a strictly better rival. All that remains is

to determine the survival rules for firms facing rivals with weakly lower types and the entry rule to

an empty market.

The only two monopoly survival rules that are consistent with the calculated continuation values

and default to inactivity are aS(k, 0, c) = I{vS(k, 0, c) > 0} for k = 1, 2. Since we are constructing

a natural equilibrium and we can verify that vS(2, 0, c) ≥ vS(2, 1, c), the type 2 firm facing a

type 1 rival must choose survival if and only if this gives it a positive profit in its rival’s absence.

Therefore, equilibrium requires that aS(2, 1, c) = aS(2, 0, c) = I{vS(2, 0, c) > 0}. Similarly, the

rule for a potential entrant facing an empty market is aE(0, c) = I {vE(1, 0, c) > ϕ} whether or not

another potential entrant has yet to exercise an entry opportunity in the current period. This is

because we can verify that vE(1, 0, c) weakly exceeds vE(1, 1, c).

To determine the survival rules for identical duopoly firms, we calculate an equilibrium of the

static game in Figure 2 and its analog for two type 1 firms. If either survival or exit is a dominant

strategy, then both firms follow it. If neither pure action is a dominant strategy in the game between

two type k firms, then vS(k, 0, c) > 0 while vS(k, k, c) < 0. In this case, the unique Nash equilibrium

is a mixed strategy that leaves both firms indifferent between exit and continuation. Therefore, for

k ∈ {1, 2}

aS(k, k, c) =


1 if vS(k, k, c) > 0,

vS(k,0,c)
vS(k,0,c)−vS(k,k,c) if vS(k, k, c) ≤ 0 and vS(k, 0, c) > 0

0 otherwise.

This concludes the equilibrium construction. It is not difficult to show that vS(2, 1, c) ≥

vS(1, 2, c), so that the survival strategies constructed satisfy the requirements for a natural equilib-

rium. Since we assumed joint continuation in Steps 1 and 4, the construction itself does not rule out

the possibility that other equilibria exist. However, the finding that these restrictions never bind

players behavior in equilibrium (that is, the continuation game in Figure 2 always has a unique

Nash equilibrium) suggests that the resulting equilibrium is unique. In the next section, we verify

that this intuition is correct.
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3 Equilibrium Construction and Uniqueness

With the intuition from the case with ǩ = 2 in hand, we proceed to allow for an arbitrary ǩ ≥ 1.

Our demonstration of equilibrium existence and uniqueness centers on our algorithm, so we begin

with its presentation. It consists of two procedures, which we present as flow charts in Procedures 1

and 2. The first computes all payoffs, the survival rule for a duopolist facing a rival with a strictly

higher technology type, and rules for potential entrants facing an incumbent. This encompasses the

first five steps in the construction when ǩ = 2. The second procedure calculates the survival rule

for duopoly incumbents facing a rival with weakly lower technology types and the entry rule for a

potential entrant facing an empty market. This covers the sixth and final step when ǩ = 2. We

emphasize that the algorithm calculates candidate equilibrium strategies and continuation values

by denoting these with α and w instead of a and v. We verify that this is indeed an equilibrium

after the algorithm’s presentation.

Procedure 1 begins with the initialization of the candidate strategy (αE , αS) and payoffs wE and

wS to arbitrary values. Then it enters its outer loop. In this, the technology type for the weakly

better firm, indexed by h in Procedure 1’s flow chart, decreases from ǩ to 1. For each level of h,

there is an inner loop in which the weakly worse firm’s technology type, indexed by l in Procedure

1’s flow chart, decreases from h to 1.

On the (h, l) iteration of the inner loop, the post-entry value of a type l firm facing a type h

rival— wE(l, h, ·)— is computed as the fixed point of the operator Th,l defined by

Th,l(f)(c) ≡ max
{

0, TSh,l(f)(c)
}
, with

TSh,l(f)(c) ≡ βE

[
ǩ∑
i=l

ǩ∑
j=h

ΠliΠhj

(
π(i, j, C ′) + wE(i, j, C ′)I {(i, j) 6= (l, h)}

)
+ ΠhhΠllf(C ′) C = c

]
.

The function TSh,l(f) gives the post-survival value of a type l firm that faces a type h competitor

and expects its next period’s post-entry value to be f(C ′) if both firms’ technology types remain

the same and to equal to the (candidate) equilibrium value otherwise. Its evaluation only requires

the equilibrium values wE(i, j, ·) for (i, j) 6= (l, h) such that i ≥ l and j ≥ h. Since Procedure 1

proceeds in lexicographically descending order of (h, l), these post-entry values are in hand when

TSh,l(f) is computed. The function Th,l(f) gives the post-entry value of a firm in the same state and

with the same post-survival value. Its specification embodies the natural equilibrium requirement

that a type h > l firm never exits while the type l firm survives. Evaluating TSh,l at the fixed

point of Th,l, wE(l, h, ·), gives wS(l, h·). When l < h, the algorithm then sets αS(l, h, c) to one if

12



START

αS(·) ← 1, αE(·) ← 0, wE(·) ← 0, wS(·) ← 0, h ← ǩ

l ← h

f?i (·) ← 0

f?i (·) ← lim
r→∞

T rh,l(f
?
i )(·)

wE(l, h, ·) ← f?i (·)

wS(l, h, ·) ← TSh,l (f
?
i ) (·)

l < h?
αS(l, h, ·) ←

I {wS(l, h, ·) > 0}

l = 1?l ← l − 1

αE(h, ·) ← I {wE(1, h, ·) > ϕ}

f?o (·, ·) ← 0

f?o (·, ·) ← lim
r→∞

T rh(f?o )(·, ·)

wE(h, x, ·) ← f?o (x, ·) for 0 ≤ x < h

wS(h, x, ·) ← TSh (f?o ) (x, ·) for 0 ≤ x < h

h = 1?h ← h − 1

Return wE , wS , αE(h, ·),

and αS(l, h, ·) for l < h.

STOP

The text defines Th,l, T
S
h,l, Th,

and TSh . Above, “←” indicates

assignment and T r denotes T

composed with itself r times.

Yes

No

Yes

No

Yes

No

Procedure 1: Initial Equilibrium Calculations for the Heterogeneous Duopoly Model
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and only if wS(l, h, c) > 0. (When l = h, Procedure 2 calculates αS(h, h, c).) If l equals 1, the

inner loop ends and the strategy of a potential entrant facing a type h incumbent, αE(h, ·) is set to

I{wE(1, h, ·) > ϕ}.

After the inner loop is complete, the outer loop’s next step is the calculation of continuation

values for a type h firm facing either no rival or a rival of a strictly inferior type. For this, we find

the fixed point of the operator Th. Given a hypothesized continuation value of f(x, c) when the

firm’s rival has type x < h and the demand state equals c, this operator equals

Th(f)(x, c) = max
{

0, αS(x, h, c)TSh (f)(x, c) + (1− αS(x, h, c))TSh (f)(0, c)
}

;

with

TSh (f)(x, c) =βE

[
ǩ∑
i=h

ǩ∑
j=x

ΠhiΠxjπ(i, j, C ′) +

h−1∑
j=x

ΠhhΠxjf(j, C ′)

+
ǩ∑
j=h

ΠhhΠxjwE(h, j, C ′) +
ǩ∑

i=h+1

ǩ∑
j=x

ΠhiΠxjwE(i, j, C ′) C = c

]

for x > 0, and

TSh (f)(0, c) = βE

[
ǩ∑
i=h

Πhiπ(i, 0, C ′)

+ Πhh

((
1− αE(h,C ′)

)
f(0, C ′) + αE(h,C ′)

(
I{h = 1}wE(1, 1, C ′) + I{h > 1}f(1, C ′)

))

+

ǩ∑
i=h+1

Πhi

((
1− αE(i, C ′)

)
wE(i, 0, C ′) + αE(i, C ′)wE(i, 1, C ′)

)
C = c

]

for k = 0.

Evaluating Th(f)(·, ·) requires, apart from f itself

• the survival rules for firms with type x < h facing an incumbent of type h,

• the entry rule of a potential entrant facing an incumbent with technology type equal to h, and

• the post-entry values for an incumbent with type x greater than h facing a rival of any type.

The algorithm set the required survival rules to their candidate values during the most recently-

executed inner loop, and the required entry rules were set immediately before the evaluation of Th.

Lastly, the algorithm set the required post-entry values during previous iterations of the outer loop.
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START

Specify c ∈ C, h ∈ K, and l ∈ {0, 1, . . . , h}

Get wE and wS from Procedure 1’s output.

h > l ?
αS(h, l, c) ←

I {wS (h, 0, c) > 0}

h = 1 ?

αE(0, c) ←

I {wE (1, 0, c) > ϕ}

wS(h, h, c)
> 0?

αS(h, h, c) ← 1

wS(h, 0, c)
< 0?

αS(h, h, c) ← 0

αS(h, h, c)← wS(h, 0, c)

wS(h, 0, c)− wS(h, h, c)
.

STOP

Yes

No

Yes

Yes

No

Yes

No

No

Procedure 2: Calculation of Candidate Survival Rule for the Heterogeneous Duopoly Model
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Procedure 2 complements Procedure 1 by determining the entry rule for a potential monopolist

and the survival rule for a firm with weakly higher technology type. The survival rule is pure

unless both firms have the same type, the payoff to duopoly continuation is negative, and the

payoff to monopoly continuation is positive. By construction, the resulting candidate equilibrium

probability of survival lies in (0, 1). Joining these two procedures yields our algorithm for equilibrium

calculation.

Algorithm 1 (Duopoly Equilibrium Calculation). Compute a candidate equilibrium strategy (αS , αE)

and payoffs wS and wE in two steps.

i. Use Procedure 1 to compute wE , wS , αE(h, c) for all h ∈ K, and αS(l, h, c) for all (l, h) ∈ K2

such that l < h and all c ∈ C.

ii. For all c ∈ C, use Procedure 2 to compute αE(0, c) and αS(h, l, c) for all h ∈ K and l ∈

{0, . . . , h}.

Because the candidate payoffs are determined as the unique fixed points of contraction map-

pings, Algorithm 1 always returns unique candidate equilibrium payoffs and hence a unique candi-

date equilibrium strategy. Verification that the candidate strategy forms a natural Markov-perfect

equilibrium requires us to determine that

• the candidate equilibrium values satisfy the monotonicity requirements of a natural equilib-

rium,

• the candidate equilibrium values are indeed those obtained when all firms follow the equilib-

rium strategy, and

• no firm can benefit from a one-shot deviation from the candidate strategy when all other firms

follow it.

The appendix establishes these facts in the proof of the following Proposition.

Proposition 1 (Algorithmic Functionality). Algorithm 1 computes a symmetric natural Markov-

perfect equilibrium and its associated continuation values.

Algorithm 1 calculates the payoff to dupolists with the same type conditional on them always

choosing joint continuation whenever this is individually profitable. In the course of proving Propo-

sition 1, we establish that wS(k, k, c) ≥ wS(k, 0, c) for all k ∈ K, so survival is a dominant strategy for
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identical type k duopolists when wS(k, k, c) > 0. However, this in itself does not imply that the cal-

culated equilibrium is unique. To demonstrate that, we begin by showing that vS(k, k, c) ≥ v(k, 0, c)

for any equilibrium continuation value v. This monotonicity implies that v(k, k, c) must be a fixed

point of Tkk. Since there is only one, the calculated equilibrium is indeed unique. The appendix

contains the suitably expanded version of this argument in the following proposition’s proof.

Proposition 2 (Equilibrium Uniqueness). The equilibrium calculated by Algorithm 1 is the only

symmetric natural Markov-perfect equilibrium that defaults to inactivity.

4 Conclusion

Since Algorithm 1 sequentially finds the fixed points to many low-dimensional contraction mappings

(instead of trying to find any fixed point of a high-dimensional mapping), we expect it to complete

equilibrium calculation quickly. To demonstrate this in practice, we implemented it in Matlab

(Release 2014a) and used it to calculate the model’s equilibrium on an ordinary desktop personal

computer.7 The particular parameterization we used had ǩ = 30 and 201 values in C, so the state

space consisted of 186, 930 distinct points. Since our algorithm uses value-function iteration, the

model’s discount factor (β) substantially influences its performance. To make the task difficult, we

set β = 0.995. Since the computational resources used by background processes vary over time, the

exact calculation time varies across runs of the algorithm. To account for this, we ran the algorithm

100 times and calculated the average computation time. This was 60.44 seconds. If we reduce β to

0.95, which is more appropriate if a time period is one year, the average computation time falls to

23.15 seconds.

Decisions to participate (or not) within concentrated markets pervade both antitrust analysis

and managerial practice. Our model can provide perspective on these entry and continuation

choices and how they depend on the costs of entry, the possibilities for technological advancement,

the costs of continuation, and the stochastic evolution of market conditions. Since identifying these

fundamentals can be difficult, the ability to quickly characterize equilibrium decisions across many

parameter configurations is essential if model-based analysis is to be taken seriously by policy makers

and management. Our algorithm’s speed combined with the model’s flexibility brings it up to that

task.

Appendix
7Intel Xeon CPU E5-2609 v2@2.5GHz (dual processors), 32GB RAM, 64-bit Windows 7.
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The text states two major results: Algorithm 1 calculates an equilibrium (Proposition 1), and this

equilibrium is unique (Proposition 2). This appendix contains their proofs.

A Proof of Proposition 1

Although Proposition 1 is intuitive, its proof is not trivial because it requires verification that the

candidate survival strategy αS satisfies the requirements of a natural equilibrium (Definition 1).

This in turn requires verification that duopolists’ types rank their continuation values given by wS .

This monotonicity result is also intuitive but not trivial, because its demonstration must account

for firms’ strategic interactions.

To formally state the required monotonicity conditions, begin by denoting the domain of all

profit and value functions with S = K × {0} ∪K × C. Then, define F as the space of all functions

f : S →
[
0, βπ̌

1−β

]
. A generic payoff function f ∈ F satisfies the own and rival monotonicity

conditions if

(I) (own monotonicity conditions) ∀x ∈ {0} ∪K, f(1, x, c) ≤ f(2, x, c) ≤ . . . ≤ f(ǩ, x, c); and

(II) (rival monotonicity conditions) ∀k ∈ K, f(k, 0, c) ≥ f(k, 1, c) ≥ . . . ≥ f(k, ǩ, c).

for any c ∈ C. These conditions on f immediately imply that if l < h, then f(l, h, c) ≤ f(h, h, c) ≤

f(h, l, c). Assumption 1 guarantees that the flow profit function π satisfies the own and rival

monotonicity conditions. Our demonstration that the calculated continuation values wS and wE

satisfy these proceeds in two steps. For the first, define Tα : F → F with

Tα(fE)(k, x, c) ≡


max

{
0, αS(x, k, c)E[T̃α(fE)(K ′, X ′, c)|K = k,X = x]

+(1− αS(x, k, c))E[T̃α(fE)(K ′, 0, c)|K = k]
}

if x < k;

max
{

0,E[T̃α(fE)(K ′, X ′, c)|X = x,K = k]
}

otherwise;

where

T̃α(fE)(k, x, c) ≡


βE[π(k, 0, C ′) + αE(k,C ′)fE(k, 1, C ′)

+(1− αE(k,C ′))fE(k, 0, C ′)|C = c] if x = 0,

βE[π(k, x, C ′) + fE(k, x, C ′)|C = c] otherwise.

Here, K ′ and X ′ denote the random firm types in next period conditioning on the types of the

firm of interest and its rival currently equaling k and x. The operator Tα is the Bellman operator

corresponding to a single firm’s optimal continuation choice given
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i. all potential rivals’ entry choices follow αE ,

ii. active rivals with strictly lower types make continuation decisions with αS ,

iii. active rivals with strictly higher types do not exit while the firm of interest survives,

iv. an active rival with the same type does not exit unless the payoff from continuing as a duopolist

is negative, and

v. when the payoff from continuing as a duopolist is negative and a firm faces a rival of the same

type, the firm earns the payoff from certain exit, 0.

Demonstrating that Tα satisfies Blackwell’s sufficient conditions for a contraction mapping is trivial,

so Tα has a unique fixed point. The following Lemma shows that it equals wE .

Lemma A.1. wE(k, x, c) = Tα(wE)(k, x, c) for any (k, x, c) ∈ S.

Proof for Lemma A.1. Either x ≥ k or x < k. In the first case, Algorithm 1 assigns the fixed

point of the inner loop operator Txk to wE(k, x, c). Denoted this fixed point with f?xk. To prove

wE(k, x, c) = Tα(wE)(k, x, c), note that for any c

f?xk(c) ≡max

{
0, βE

[
ǩ∑
i=k

ǩ∑
j=x

ΠkiΠxj

(
π(i, j, C ′) + I {(i, j) 6= (k, x)}wE(i, j, C ′)

)
+ ΠkkΠxxf

?
xk(C

′) C = c

]}

= max

{
0, β

ǩ∑
i=k

ǩ∑
j=x

ΠkiΠxjE

[
π(i, j, C ′) + wE(i, j, C ′) C = c

]}

= max
{

0,E[T̃α(wE)(K ′, X ′, c)|K = k,X = x]
}
≡ Tα(wE)(k, x, c).

In the second case with x < k , Algorithm 1 assigns the fixed point of the outer loop operator

Tk to wE(k, x, c). Denoted this fixed point with f?k . To prove wE(k, x, c) = Tα(wE)(k, x, c), we first

demonstrate that TSk (f?k )(x, c) = E[T̃α(wE)(K ′, X ′, c)|K = k,X = x]. When x > 0,

TSk (f?k )(x, c) ≡ βE

[
ǩ∑
i=k

ǩ∑
j=x

ΠkiΠxjπ(i, j, C ′) +
k−1∑
j=x

ΠkkΠxjf
?
k (j, C ′) +

ǩ∑
j=k

ΠkkΠxjwE(k, j, C ′)

+

ǩ∑
i=k+1

ǩ∑
j=x

ΠkiΠxjwE(i, j, C ′) C = c

]
= β

ǩ∑
i=k

ǩ∑
j=x

ΠkiΠxjE

[
π(i, j, C ′) + wE(i, j, C ′) C = c

]

=E[T̃α(wE)(K ′, X ′, c)|K = k,X = x].
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If instead x = 0, then

TSk (f?k )(0, c) ≡ βE

[
ǩ∑
i=k

Πkiπ(i, 0, C ′)

+ Πkk

(
αE(k,C ′)

(
I{k = 1}wE(1, 1, C ′) + I{k > 1}f?k (1, C ′)

)
+
(
1− αE(k,C ′)

)
f?k (0, C ′)

)

+

ǩ∑
i=k+1

Πki

(
αE(i, C ′)wE(i, 1, C ′) +

(
1− αE(i, C ′)

)
wE(i, 0, C ′)

)
C = c

]
= E[T̃α(wE)(K ′, 0, c)|K = k].

The identity above distinguishes between the case with k = 1, when the inner loop operator has

already computed wE(k, 1, c) as the fixed point to T11, and the case with k > 1 when the outer loop

computes this as part of the fixed point to Tk. We can now demonstrate the stated result for x < k

wE(k, x, c) ≡Tk(f?k )(x, c) ≡ max
{

0, αS(x, k, c)TSk (f?k )(x, c) + (1− αS(x, k, c))TSk (f?k )(0, c)
}

= max{0, αS(x, k, c)E[T̃α(wE)(K ′, X ′, c)|K = k,X = x]

+ (1− αS(x, k, c))E[T̃α(wE)(K ′, 0, c)|K = k]} ≡ Tα(wE)(k, x, c).

The second step of the demonstration that wS and wE satisfy the own and rival monotonicity

conditions proceeds inductively using the following lemma.

Lemma A.2. Given some h ∈ {1, 2, . . . , ǩ − 1}, if wE and wS satisfy

• wE(k, x, c) ≤ wE(k̀, x, c) and wS(k, x, c) ≤ wS(k̀, x, c) and

• wE(k, x, c) ≥ wE(k, x̀, c) and wS(k, x, c) ≥ wS(k, x̀, c)

whenever k ≤ k̀ ≤ ǩ, x ≤ x̀ ≤ ǩ, and max{k, x} ≥ h + 1, then wE and wS satisfy these same

conditions whenever k ≤ k̀ ≤ ǩ, x ≤ x̀ ≤ ǩ, and max{k, x} ≥ h.

Proof of Lemma A.2. By assumption, the stated inequalities hold good when when k ≤ k̀ ≤ ǩ,

x ≤ x̀ ≤ ǩ, and max{k, x} ≥ h+1. Those for the case with k ≤ k̀ ≤ ǩ, x ≤ x̀ ≤ ǩ, and max{k, x} = h

require demonstration. For any given (k, x) pair, either max{k, x} = x or max{k, x} > x. In the

first case, wE(k, x, c) and wS(k, x, c) are calculated within Procedure 1’s inner loop. In the second

case, they are calculated after its inner loop’s completion just before proceeding to the next iteration

of its outer loop. The proof characterizes the payoffs calculated at these two points separately.
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Payoffs updated within the inner loop Define the space F1
h of fE ∈ F that satisfy

• fE(k, x, c) = wE(k, x, c) if max{k, x} ≥ h+ 1

• fE(k, h, c) ≤ fE(k̀, h, c) if k < k̀ ≤ h+ 1, and

• fE(k, h, c) ≥ wE(k, h+ 1, c) if k ≤ h.

We wish to show that if fE ∈ F1
h , then Tα(fE) ∈ F1

h .

First, note that if max{k, x} ≥ h+ 1, then by its construction Tα(fE)(k, x, c) is invariant to the

value of fE(ḱ, x́, ć) if max{ḱ, x́} ≤ h. Since Lemma A.1 has established that wE is a fixed point of Tα,

this and the first requirement for f ∈ F1
h implies Tα(f)(k, x, c) = wE(k, x, c) if max{k, x} ≥ h+ 1.

Second, we wish to show that for any fE ∈ F1
h , Tα(fE)(k, h, c) ≤ Tα(fE)(k̀, h, c) if k < k̀ ≤ h+1.

Clearly, demonstrating this for the case with k̀ = k+ 1 suffices. For this, first note for any fE ∈ F1
h

and x ≥ h, fE(k, x, c) increases with k. This immediately implies that E
[
T̃α(fE)(k,X ′, c)|X = h

]
also increases with k. Stochastic dominance of K ′|K = k + 1 over K ′|K = k therefore yields

E[T̃α(fE)(K ′, X ′, c)|K = k,X = h] ≤ E[T̃α(fE)(K ′, X ′, c)|K = k + 1, X = h].

This allows us to immediately demonstrate the desired inequality for the case with k < h,

Tα(fE)(k, h, c) ≡ max
{

0,E[T̃α(fE)(K ′, X ′, c)|K = k,X = h]
}

(A1)

≤ max
{

0,E[T̃α(fE)(K ′, X ′, c)|K = k + 1, X = h]
}
≡ Tα(fE)(k + 1, h, c).

For the case with k = h, first recall that since fE ∈ F1
h , fE(ḱ, x, c) is decreasing in x for all ḱ ≥ h+1.

Therefore, we have for x > 0

E[T̃α(fE)(K ′, 0, c)|K = h+ 1]

≡βE[π(K ′, 0, C ′) + αE(K ′, C ′)fE(K ′, 1, C ′) + (1− αE(K ′, C ′))fE(K ′, 0, C ′)|K = h+ 1, C = c]

≥βE[π(K ′, X ′, C ′) + fE(K ′, X ′, C ′)|K = h+ 1, X = x,C = c] ≡ E[T̃α(fE)(K ′, X ′, c)|K = h+ 1, X = x].

With this, we can demonstrate the desired inequality for k = h.

Tα(fE)(h, h, c) ≡ max
{

0,E[T̃α(fE)(K ′, X ′, c)|K = h,X = h]
}

≤max
{

0,E[T̃α(fE)(K ′, X ′, c)|K = h+ 1, X = h]
}

≤max{0, αS(h, h+ 1, c)E[T̃α(fE)(K ′, X ′, c)|K = h+ 1, X = h]

+ (1− αS(h, h+ 1, c))E[T̃α(fE)(K ′, 0, c)|K = h+ 1]} ≡ Tα(fE)(h+ 1, h, c)
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We next establish that for fE ∈ F1
h , Tα(fE)(k, h, c) ≥ Tα(fE)(k, h + 1, c) for all k ≤ h. For

this, note that for any k ∈ K, x ≥ h, and fE ∈ F1
h ; we know that fE(k, x, c) ≥ fE(k, x +

1, c). Therefore, we have for the same values of k, x, and fE , E
[
T̃α(fE)(K ′, x, c)|K = k

]
≥

E
[
T̃α(fE)(K ′, x+ 1, c)|K = k

]
. Together, this inequality and stochastic dominance of X ′|X = h+1

over X ′|X = h yield

E[T̃α(fE)(K ′, X ′, c)|K = k,X = h] ≥ E[T̃α(fE)(K ′, X ′, c)|K = k,X = h+ 1]. (A2)

Combining inequality (A2) with the definition of Tα proves the desired inequality:

Tα(fE)(k, h, c) ≡ max
{

0,E[T̃α(fE)(K ′, X ′, c)|K = k,X = h]
}

≥ max
{

0,E[T̃α(fE)(K ′, X ′, c)|K = k,X = h+ 1]
}
≡ Tα(fE)(k, h+ 1, c).

This completes the demonstration that Tα : F1
h → F1

h . Since wE is the unique fixed point of

Tα, this establishes for k ≤ k̀ ≤ h+1 that wE(k, h, c) ≤ wE(k̀, h, c) and for k < h that wE(k, h, c) ≥

wE(k, h + 1, c). Because Algorithm 1 computes wS(k, x, c) ≡ E[T̃α(wE)(K ′, X ′, c)|K = k,X = x],

inequalities (A1) and (A2) ensure that the proven inequalities for wE also apply to wS . Together

with the lemma’s preconditions on wE and wS , these inequalities guarantee that the lemma’s stated

conclusion holds good when max{k, x} = x = h.

Payoffs updated outside of the inner loop To characterize the payoffs updated after the

completion of the inner loop, define F2
h ⊂ F as the set of payoff functions fE that satisfy

• fE(k, x, c) = wE(k, x, c) if either max{k, x} ≥ h+ 1 or both x = h and k ≤ x,

• fE(h, 0, c) ≥ fE(h, 1, c) ≥ . . . ≥ fE(h, h− 1, c) ≥ wE(h, h, c), and

• fE(h, x, c) ≤ wE(h+ 1, x, c) for x = 0, . . . , h− 1.

We wish to show that given any fE ∈ F2
h , Tα(fE) ∈ F2

h .

First, if either max{k, x} ≥ h + 1 or both x = h and k ≤ x, then by its construction

Tα(fE)(k, x, c) is invariant to the value of fE(ḱ, x́, c) when either max{ḱ, x́} < h or ḱ = h and

x́ < h. Since Lemma A.1 established that wE is a fixed point of Tα, this and the first requirement

for fE ∈ F2
h yield Tα(f)(k, x, c) = wE(k, x, c) if either max{k, x} ≥ h+ 1 or both x = h and k ≤ x.

Second, we wish to show that for any fE ∈ F2
h ,

Tα(fE)(h, 0, c) ≥ Tα(fE)(h, 1, c) ≥ . . . ≥ Tα(fE)(h, h− 1, c) ≥ wE(h, h, c). (A3)

22



To prove (A3), note that for fE ∈ F2
h , fE(k, x, c) is decreasing in x for k ≥ h. This monotonicity

trivially implies T̃α(fE)(k, x, c) ≥ T̃α(fE)(k, x+ 1, c) for k ≥ h and x > 0. Stochastic dominance of

X ′|X = x+ 1 over X ′|X = x then implies for k ≥ h

E[T̃α(fE)(k,X ′, c)|X = 1] ≥ . . . ≥ E[T̃α(fE)(k,X ′, c)|X = ǩ]. (A4)

For the case with x = 0, we have for k ≥ h

T̃α(fE)(k, 0, c) ≡ βE[π(k, 0, C ′) + αE(k,C ′)fE(k, 1, C ′) + (1− αE(k,C ′))fE(k, 0, C ′)|C = c]

≥βE[π(k, 1, C ′) + fE(k, 1, C ′)|C = c] ≡ T̃α(fE)(k, 1, c) ≥ E[T̃α(fE)(k,X ′, c)|X = 1].

Combining this with the inequalities in (A4) yields for k ≥ h

T̃α(fE)(k, 0, c) ≥ E[T̃α(fE)(k,X ′, c)|X = 1] ≥ . . . ≥ E[T̃α(fE)(k,X ′, c)|X = ǩ].

With these inequalities in hand, taking expectations over K ′|K = h yields

E[T̃α(fE)(K ′, 0, c)|K = h] ≥E[T̃α(fE)(K ′, X ′, c)|K = h,X = 1]

≥ . . . ≥ E[T̃α(fE)(K ′, X ′, c)|K = h,X = ǩ].
(A5)

Combining the inequalities in (A5) with the definition of Tα, we have for fE ∈ F2
h

Tα(fE)(h, 0, c) ≡ max{0,E[T̃α(fE)(K ′, 0, c)|K = h]}

≥max{0, αS(1, h, c)E[T̃α(fE)(K ′, X ′, c)|K = h,X = 1]

+ (1− αS(1, h, c))E[T̃α(fE)(K ′, 0, c)|K = h]} ≡ Tα(fE)(h, 1, c),

(A6)

and

Tα(fE)(h, h− 1, c) ≡ max{0, αS(h− 1, h, c)E[T̃α(fE)(K ′, X ′, c)|K = h,X = h− 1]

+ (1− αS(h− 1, h, c))E[T̃α(fE)(K ′, 0, c)|K = h]}

≥max{0,E[T̃α(fE)(K ′, X ′, c)|K = h,X = h]} ≡ Tα(fE)(h, h, c) = wE(h, h, c)

(A7)

The results in (A6) and (A7) establish the left-most and the right-most inequalities in (A3).

To prove those that remain, recall that we established wE(k, h, c) ≤ wE(k̀, h, c) for all k ≤ k̀ ≤

h + 1 when characterizing the payoffs calculated within the inner loop. Extending this to wS

and combining the result with the lemma’s preconditions on wS demonstrates that wS(k, h, c) is

increasing in k. Therefore, αS(1, h, c) ≤ αS(2, h, c) ≤ . . . ≤ αS(ǩ, h, c). Combining these inequalities

23



the definition of Tα and (A5), we have for fE ∈ Fh and any 1 ≤ x < x̀ ≤ h− 1,

Tα(fE)(h, x, c)

≡max{0, αS(x, h, c)E[T̃α(fE)(K ′, X ′, c)|K = h,X = x] + (1− αS(x, h, c))E[T̃α(fE)(K ′, 0, c)|K = h]}

≥max{0, αS(x̀, h, c)E[T̃α(fE)(K ′, X ′, c)|K = h,X = x] + (1− αS(x̀, h, c))E[T̃α(fE)(K ′, 0, c)|K = h]}

≥max{0, αS(x̀, h, c)E[T̃α(fE)(K ′, X ′, c)|K = h,X = x̀] + (1− αS(x̀, h, c))E[T̃α(fE)(K ′, 0, c)|K = h]}

≡Tα(fE)(h, x̀, c).

This establishes the remaining inequalities in (A3).

Finally, we wish to show that for any fE ∈ F2
h , Tα(fE)(h, x, c) ≤ wE(h + 1, x, c) for x =

0, . . . , h− 1. For this, first note that if fE ∈ F2
h then fE(h, x, c) ≤ fE(h+ 1, x, c) ≤ · · · ≤ fE(ǩ, x, c)

for x = 0, . . . , ǩ. Therefore, if x > 0 we have T̃α(fE)(h, x, c) ≤ T̃α(fE)(h + 1, x, c) ≤ · · · ≤

T̃α(fE)(ǩ, x, c). With these inequalities, stochastic dominance of K ′|K = h + 1 over K ′|K = h

yields

E[T̃α(fE)(K ′, X ′, c)|K = h,X = x] ≤ E[T̃α(fE)(K ′, X ′, c)|K = h+ 1, X = x]. (A8)

To establish the analogous inequality for the case with x = 0, recall that we established that

wE(1, h, c) ≥ wE(1, h + 1, c) when characterizing the payoffs updated within the inner loop. The

lemma’s preconditions require that wE(1, k, c) ≥ wE(1, k + 1, c) for k = h + 1, . . . ǩ − 1. Therefore

αE(k, c) ≥ αE(k + 1, c) for k = h, . . . , ǩ − 1. Since fE ∈ F2
h implies that fE(k, 1, c) ≤ fE(k, 0, c) ≤

fE(k + 1, 0, c), and fE(k, 1, C) ≤ fE(k + 1, 1, c) for k = h, . . . , ǩ − 1, we have

T̃α(fE)(k, 0, c) ≡ βE[π(k, 0, C ′) + αE(k,C ′)fE(k, 1, C ′) + (1− αE(k,C ′))fE(k, 0, C ′)|C = c]

≤βE[π(k + 1, 0, C ′) + αE(k + 1, C ′)fE(k, 1, C ′) + (1− αE(k + 1, C ′))fE(k, 0, C ′)|C = c]

≤βE[π(k + 1, 0, C ′) + αE(k + 1, C ′)fE(k + 1, 1, C ′) + (1− αE(k + 1, C ′))fE(k + 1, 0, C ′)|C = c]

≡T̃α(fE)(k + 1, 0, c).

This and the stochastic dominance of K ′|K = h+ 1 over K ′|K = h imply

E[T̃α(fE)(K ′, 0, c)|K = h] ≤ E[T̃α(fE)(K ′, 0, c)|K = h+ 1]. (A9)

To obtain the desired inequality for x = 0, combine this with the definition of Tα.

Tα(fE)(h, 0, c) ≡ max
{

0,E[T̃α(fE)(K ′, 0, c)|K = h]
}

≤max{0,E[T̃α(fE)(K ′, 0, c)|K = h+ 1]} ≡ Tα(fE)(h+ 1, 0, c) = wE(h+ 1, 0, c).

(A10)
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To demonstrate the remaining desired inequalities, recall that we established that wE(k, h, c) ≥

wE(k, h+ 1, c) for any k < h when characterizing the payoffs updated within the inner loop. Hence

for x ∈ K, αS(x, h, c) ≤ αS(x, h+1, c). Combining this and the definition of Tα with the inequalities

in (A5), (A8), and (A9) yields

Tα(fE)(h, x, c)

≡max{0, αS(x, h, c)E[T̃α(fE)(K ′, X ′, c)|K = h,X = x] + (1− αS(x, h, c))E[T̃α(fE)(K ′, 0, c)|K = h]}

≤max{0, αS(x, h+ 1, c)E[T̃α(fE)(K ′, X ′, c)|K = h,X = x] + (1− αS(x, h+ 1, c))E[T̃α(fE)(K ′, 0, c)|K = h]}

≤max{0, αS(x, h+ 1, c)E[T̃α(fE)(K ′, X ′, c)|K = h+ 1, X = x]

+ (1− αS(x, h+ 1, c))E[T̃α(fE)(K ′, 0, c)|K = h+ 1]} ≡ Tα(fE)(h+ 1, x, c) = wE(h+ 1, x, c).

for any fE ∈ F2
h and any x < h. We can now assert with justification that Tα : F2

h → F2
h . Therefore,

wE ∈ F2
h and

wE(h, 0, c) ≥ wE(h, 1, c) ≥ . . . ≥ wE(h, h− 1, c) ≥ wE(h, h, c); (A11)

wE(h, x, c) ≤ wE(h+ 1, x, c) for x = 0, . . . , h− 1. (A12)

Furthermore, because Algorithm 1 sets wS(k, x, c) ≡ E[T̃α(wE)(K ′, X ′, c)|K = k,X = x], the

inequalities in (A5) and (A8) ensure that the inequalities in (A11) and (A12) apply to wS . Thus,

the lemma’s stated conclusion is proven.

The central monotonicity result requires two more preparatory lemmas.

Lemma A.3. If for some l < ǩ − 1, wE(x, ǩ, c) ≤ wE(x+ 1, ǩ, c) for all x ≥ l + 1, then the same

inequality holds good for x = l.

Note that this lemma’s statement uses x as the first argument of wE instead of k. This is

because our interest in this monotonicity arises from the need to characterize the survival decisions

of a type ǩ firm’s rivals.

Proof of Lemma A.3. Consider the operators Tǩ,l and Tǩ,l+1 from Procedure 1:

Tǩ,l(f)(c) ≡ max

0, βE

 ǩ∑
j=l+1

Πlj

(
π(j, ǩ, C ′) + wE(j, ǩ, C ′)

)
+ Πl,l

(
π(l, ǩ, C ′) + f(C ′)

)
C = c


Tǩ,l+1(f)(c) = max

{
0, βE

[
ǩ∑

j=l+2

Πlj

(
π(j, ǩ, C ′) + wE(j, ǩ, C ′)

)
+ Πl+1,l+1

(
π(l + 1, ǩ, C ′) + f(C ′)

)

+ Πl+1,l

(
π(l, ǩ, C ′) + wE(l + 1, ǩ, C ′)

)
C = c

]}
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By assumption, Πl+1,l ≡ 0; but we include this so that each term in Tǩ,l has a corresponding term

in Tǩ,l+1. Evaluating both operators at f?(c) ≡ wE(l + 1, ǩ, c) allows us to write

Tǩ,l(f
?)(c) ≡ max{0, βE[π(X ′, ǩ, C ′) C = c,X = l] + βE[wE(min{X ′, l + 1}, ǩ, C ′) C = c,X = l]}

≤max{0, βE[π(X ′, ǩ, C ′) C = c,X = l + 1] + βE[wE(min{X ′, l + 1}, ǩ, C ′) C = c,X = l + 1]}

= max{0, βE[π(X ′, ǩ, C ′) C = c,X = l + 1] + βE[wE(X ′, ǩ, C ′) C = c,X = l + 1]}

≡Tǩ,l+1(f?(c)) = f?(c) ≡ wE(l + 1, ǩ, c)

In the identity, the first argument of wE equals min{X ′, l + 1} because the continuation payoff

when X ′ = l is f?(c) = wE(l + 1, ǩ, c). The inequality follows from stochastic dominance of

X ′|X = x+ 1 over X ′|X = x, the assumption that π(l, ǩ, c) is increasing in l, and the precondition

that wE(l, ǩ, c) is increasing in l for l ≥ x + 1. Since Tǩ,l(f
?)(c) ≤ f?(c) and Tǩ,l is a monotone

operator, Tn
ǩ,l

(f?)(c) is a weakly decreasing sequence of functions. Its limit point equals wE(l, ǩ, c),

so wE(l, ǩ, c) ≤ wE(l + 1, ǩ, c).

Lemma A.4. If wE(x, ǩ, c) is increasing in x, then wE(ǩ, x, c) is decreasing in x.

Proof of Lemma A.4. The lemma’s preconditions and the stochastic dominance of X ′|X = x + 1

over X ′|X = x together guarantee that wS(x, ǩ, c) ≤ wS(x + 1, ǩ, c). Therefore, αS(x, ǩ, c) ≡

I{wS(x, ǩ, c) > 0} is weakly decreasing with x for all x ∈ {0, 1, . . . , ǩ − 1}. By construction, the

payoff of interest, wE(ǩ, x, c), is the fixed point of Tǩ from Procedure 1. Consider the space Fǩ of

payoff functions f : {0}∪K×C →
[
0, βπ̌

1−β

]
for which f(x, c) ≥ f(x+1, c) for all x ∈ {0, 1, . . . , ǩ−1}.

To show that Tǩ(f) ∈ Fǩ if f ∈ Fǩ, note that for x ∈ {0, 1, . . . , ǩ − 2},

Tǩ(f)(x, c) = max{0, αS(x, ǩ, c)E[π(ǩ, X ′, C ′) + f(X ′, C ′) C = c,X = x]

+ (1− αS(x, ǩ, c))E[π(ǩ, 0, C ′) + f(0, C ′) C = c]}

≥max{0, αS(x, ǩ, c)E[π(ǩ, X ′, C ′) + f(X ′, C ′) C = c,X = x+ 1]

+ (1− αS(x, ǩ, c))E[π(ǩ, 0, C ′) + f(0, C ′) C = c]}

≥max{0, αS(x+ 1, ǩ, c)E[π(ǩ, X ′, C ′) + f(X ′, C ′) C = c,X = x+ 1]

+ (1− αS(x+ 1, ǩ, c))E[π(ǩ, 0, C ′) + f(0, C ′) C = c]} ≡ Tǩ(f)(x+ 1, c)

(A13)

Here, the first inequality follows from monotonicity of both π(X ′, ǩ, C ′) and f(C ′, X ′) in X ′ and

stochastic dominance of X ′ X = x+ 1 over X ′ X = x. The second inequality follows from the same

monotonicity assumptions and αS(x+ 1, ǩ, c) ≥ αS(x, ǩ, c).
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For x = ǩ − 1, we have

Tǩ(f)(ǩ − 1, c) = max{0, αS(ǩ − 1, ǩ, c)E[π(ǩ, X ′, C ′) + f(X ′, C ′) C = c,X = ǩ − 1]

+ (1− αS(ǩ − 1, ǩ, c))E[π(ǩ, 0, C ′) + f(0, C ′) C = c]}

≥max{0,E[π(ǩ, ǩ, C ′) + f(ǩ, C ′) C = c]} ≡ Tǩ(f)(ǩ, c).

(A14)

From (A13) and (A14), we conclude from this that wE ∈ Fǩ, thus establishing the lemma.

With the preparatory lemmas in hand, we are now prepared to state and prove

Lemma A.5. The continuation values wE and wS calculated by Algorithm 1 satisfy the own and

rival monotonicity conditions.

Proof of Lemma A.5. Begin by establishing the preconditions for Lemma A.2 for the case with

h = ǩ − 1. These are wE(k, ǩ, c) ≤ wE(k̀, ǩ, c) and wS(k, ǩ, c) ≤ wS(k̀, ǩ, c) for k ≤ k̀ ≤ ǩ; and

wE(ǩ, x, c) ≥ wE(ǩ, x̀, c) and wS(ǩ, x, c) ≥ wS(ǩ, x̀, c) for x ≤ x̀ ≤ ǩ. Clearly, demonstrating these

inequalities for k̀ = k + 1 and x̀ = x+ 1 suffices to establish them all.

For the demonstration that wE(ǩ, ǩ, c) ≥ wE(ǩ− 1, ǩ, c), consider the operators Tǩ,ǩ and Tǩ,ǩ−1

from Procedure 1. Evaluating both of them at f?(c) ≡ wE(ǩ, ǩ, c) gives us

Tǩ,ǩ−1(f?)(c) ≡ max{0, βE[π(X ′, ǩ, C ′) C = c,X = ǩ − 1] + βE[wE(ǩ, ǩ, C ′) C = c]

≤max{0, βE[π(ǩ, ǩ, C ′) + wE(ǩ, ǩ, C ′) C = c]} ≡ Tǩ,ǩ(f
?(c)) = f?(c) ≡ wE(ǩ, ǩ, c)

Since Tǩ,ǩ−1(f?)(c) ≤ wE(ǩ, ǩ, c) and Tǩ,ǩ−1 is a monotone operator with fixed point equaling

wE(ǩ − 1, ǩ, c), we can conclude that wE(ǩ − 1, ǩ, c) ≤ wE(ǩ, ǩ, c). This inequality is the sole

precondition for applying Lemma A.3 for the case with l = ǩ − 1. The conclusion from that

application provides the preconditions for its application with l = ǩ − 2. Continuing with that

induction through l = 1 gives us for x = 1, . . . , ǩ − 1

wE(x, ǩ, c) ≤ wE(x+ 1, ǩ, c). (A15)

The inequalities in (A15) are the only preconditions for Lemma A.4, so we can also conclude that

for x = 0, 1, . . . , ǩ − 1

wE(ǩ, x, c) ≥ wE(ǩ, x+ 1, c). (A16)

Extending the inequalities on wE in (A15) and (A16) to wS is straightforward. This extension

then establishes the preconditions for applying Lemma A.2 for the case with h = ǩ − 1. These
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results combined with those already in hand give the preconditions for applying the same lemma

with h = ǩ − 2. Continuing the induction until h = 1 establishes all of this lemma’s stated

inequalities.

Demonstrating that the constructed strategy (αS , αE) satisfies the definition of a natural strat-

egy (Definition 1) follows easily.

Lemma A.6. If l and h are both in K with l < h, and αS(l, h, c) > 0, then αS(h, l, c) = 1.

Proof. Lemma A.5 directly yields wS(h, l, c) ≥ wS(h, h, c) ≥ wS(l, h, c). Algorithm 1 constructs the

survival rules as αS(l, h, c) = I{wS(l, h, c) > 0} and αS(h, l, c) = I{wS(h, 0, c) > 0}. So whenever

αS(l, h, c) > 0, we know that wS(h, l, c) > 0. The own monotonicity conditions proven in Lemma

A.5 then imply that wS(h, 0, c) > 0, which directly implies the stated result.

Lemmas A.5 and A.6 allow us to prove Proposition 1

Proof of Proposition 1. Lemma A.6 has already confirmed that (αS , αE) satisfies the monotonicity

conditions required of a natural equilibrium by Definition 1. This proposition’s proof consists of

first verifying that wE and wS are the continuation payoffs when all firms use strategy (αE , αS) and

then using this result to demonstrate that no firm can receive a strictly higher payoff by unilaterally

deviating from (αE , αS).

For the first step, consider the operator Tα defined at the start of this Appendix. It charac-

terizes a firm’s profit maximization problem when the assumptions listed below its defnition are

satisfied. When all firms follow (αE , αS), conditions i and ii are satisfied by assumption. Lemma

A.6 guarantees that condition iii holds good. By construction, αS(k, k, c) = 1 if wS(k, k, c) ≥ 0, so

condition iv is true. Finally, wE(k, k, c) = 0 if wS(k, k, c) < 0 by construction, so condition v is true.

Since the assumptions placed on the Bellman operator’s underlying optimization problem are true

when all firms follow (αS , αE), its fixed point equals the expected discounted payoffs firms earn in

that circumstance. Lemma A.1 guarantees that this fixed point is wE , and so by construction the

post-survival payoffs are wS .

Next, we show that no firm can earn a strictly higher payoff by unilaterally deviating from

(αE , αS). For the continuation choices dictated by αS , we need to show that for any k ∈ K and

c ∈ C

αS(k, 0, c) ∈ arg max
a∈[0,1]

a · wS(k, 0, c), (A17)
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and for any (k, x) ∈ K2 and any c ∈ C

αS(k, x, c) ∈ arg max
a∈[0,1]

a

(
αS(x, k, c)wS(k, x, c) + (1− αS(x, k, c))wS(k, 0, c)

)
. (A18)

Since αS(k, 0, c) ≡ I{wS(k, 0, c) > 0}, (A17) is true by construction. The verification of (A18) is

broken into three cases:

• If x < k, then αS(k, x, c) ≡ I{wS(k, 0, c) > 0}. If αS(x, k, c) ≡ I{wS(x, k, c) > 0} = 0, then

(A18) is true by construction. In the only other alternative, αS(x, k, c) = 1. Lemma A.6 then

guarantees that αS(k, x, c) = 1. This choice does indeed maximize the objective in (A18)

because wS(k, x, c) ≥ wS(x, k, c) > 0, where the first inequality follows from Lemma A.5.

• If x = k, then

αS(k, k, c) ≡


0 if wS(k, 0, c) ≤ 0

wS(k,0,c)
wS(k,0,c)−wS(k,k,c) if wS(k, k, c) ≤ 0 ≤ wS(k, 0, c)

1 otherwise.

In the first and last cases, Lemma A.5 guarantees that exit and survival are dominant strategies

in the relevant one-shot games.The second case is that in which firms play a mixed-strategy

equilibrium. By construction, it makes players indifferent across all possible actions; so the

given value of αS(k, k, c) maximizes the objective in (A18).

• If x > k, then αS(k, x, c) ≡ I{wS(k, x, c) > 0}. If αS(x, k, c) = 1, then (A18) holds by

construction. If instead αS(x, k, c) = 0, then Lemma A.5 guarantees that αS(k, x, c) = 0.

This choice maximizes the objective in (A18) because wS(k, 0, c) ≤ wS(x, 0, c) ≤ 0. Here, the

first inequality follows from Lemma A.5.

To verify that no potential entrant would unilaterally deviate from αE , we need to show that

αE(0, c) ∈ arg max
a∈{0,1}

a ((1− αE(1, 1, c))wE(1, 0, c) + αE(1, 1, c)wE(1, 1, c)− ϕ) (A19)

and for any k ∈ K and c ∈ C,

αE(k, c) ∈ arg max
a∈{0,1}

a (wE(1, k, c)− ϕ) (A20)

To verify (A19), note that Procedure 2 sets αE(0, c) = I{wE(1, 0, c) > ϕ}. If αE(1, c) = 0,

then (A19) is satisfied by construction. Otherwise if αE(1, c) = 1, then Lemma A.5 implies that

wE(1, 0, c) > 0, so αE(1, 0, c) = 1. This indeed maximizes the objective in (A19) because the

presumption that αE(1, c) = 1 implies that wE(1, 1, c) > 0. For k ∈ K, Procedure 1 sets αE(k, c) =

I{wE(1, k, c) > ϕ}. Therefore, αE(k, c) trivially satisfies (A20).
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B Proof of Proposition 2

To prove Proposition 2, we first prove two preparatory lemmas.

Lemma B.1. Suppose that a natural equilibrium with strategy (aE , aS) and continuation values vE

and vS is in hand. If, for some (l, h) with h ∈ K and l ∈ {1, . . . , h};

• vE(k, h, c) = wE(k, h, c) and vS(k, h, c) = wS(k, h, c) for all k ∈ K with k > l,

• vE(k, x, c) = wE(k, x, c) and vS(k, x, c) = wS(k, x, c) for all (k, x) ∈ K2 with k ≥ l and x > h,

• aS(k, k, c) = αS(k, k, c) for all k ∈ K with k > h;

then vE(l, h, c) = wE(l, h, c) and vS(l, h, c) = wS(l, h, c).

Proof for Lemma B.1. We demonstrate the lemma’s conclusions for the cases with l < h and l = h

separately. (Note that this Lemma’s preconditions are without content if l = h = ǩ. Nevertheless,

its conclusions hold good in that case.)

If l < h, a type l incumbent expects a type h rival to choose survival if it itself survives in any

natural equilibrium. Therefore, the payoff vE(l, h, c) necessarily equals

max

{
0, βE

[
ǩ∑
i=l

ǩ∑
j=h

ΠliΠhj

(
π(i, j, C ′)+I{(i, j) 6= (l, h)}wE(i, j, C ′)

)
+ΠllΠhhvE(l, h, C ′) C = c

]}
.

This requires vE(l, h, c) to equal the fixed point of Th,l in Procedure 1, so vE(l, h, c) = wE(l, h, c)

and vS(l, h, c) = wS(l, h, c) in any natural equilibrium.

To examine the other case with l = h, first define

Ja(fE)(k, x, c) =


max

{
0, aS(x, k, c)E[T̃ a(fE)(K ′, X ′, c)|K = k,X = x] if k ≥ x,

+(1− aS(x, k, c))E[T̃ a(fE)(K ′, 0, c)|K = k]
}

max
{

0,E[T̃ a(fE)(K ′, X ′, C)|K = k,X = x]
}

otherwise.

In this definition, T̃ a : F → F is the operator analogous to T̃α defined in the proof of Proposition

1, but with the equilibrium strategy a replacing α.

Given any equilibrium strategy, Ja satisfies Blackwell’s sufficient conditions for a contraction

mapping. By construction, Ja(f) gives the post-entry payoff to a firm making optimal survival

decisions given that (i) rivals with weakly worse types make continuation decisions using aS , (ii)

rivals with strictly better types never exit while the firm of interest is active, and (iii) f gives next-

period’s post-entry payoffs. Since we have a natural equilibrium in hand, (i) and (ii) are both true.

Therefore, the unique fixed point of Ja is the equilibrium’s post-entry payoff, vE(k, x, c).
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To show that vE(h, h, c) = wE(h, h, c), we demonstrate that the fixed points of Ja and Tα have

the same value at (h, h, c). To this end, consider FhhJ , the set of fE ∈ F for which

(i). fE(k, x, c) ≤ vE(k, x, c),

(ii). fE(k, x, c) = wE(k, x, c) for all (k, x) ∈ K× {0} ∪K with k > h,

(iii). fE(h, ǩ, c) ≤ fE(h, ǩ − 1, c) ≤ . . . ≤ fE(h, h, c), and

(iv). fE(h, h, c) ≤ fE(h, x, c), for all x ∈ {0} ∪K with x < h.

We wish to prove Ja : FhhJ → FhhJ . (Note that if l = h = ǩ, all f ∈ F satisfy the conditions

in (ii) and (iii) trivially. Therefore, this case only requires demonstrating that Ja preserves the

properties in (i) and (iv).) Since Ja is monotone with fixed point vE , we have Ja(fE)(k, x, c) ≤

Ja(vE)(k, x, c) = vE(k, x, c). So Ja preserves the property in (i). Next, to show Ja preserves the

property in (ii), note that when fE ∈ FhhJ and x > k,

Ja(fE)(k, x, c) ≡ max
{

0,E[T̃ a(fE)(K ′, X ′, C)|K = k,X = x]
}

= Tα(wE)(k, x, c) = wE(k, x, c).

The equality follows from the definition of Tα.

If instead x = k, We know that aS(k, k, c) is an equilibrium strategy for the one-shot game

analogous to that in Figure 2. Property (ii) and Lemma A.5 guarantee that vS(k, 0, c) ≥ vS(k, k, c),

so this game has a unique equilibrium. It’s expected payoff to both firms equals max{0, vS(k, k, c)}.

Therefore, Ja(fE)(k, k, c) = max
{

0, wS(k, k, c)
}

= wE(k, k, c).

In the final case, x < k. The lemma’s preconditions require that vS(x, k, c) = wS(x, k, c). This,

the restriction to a natural equilibrium, and the requirement that aS default to inactivity together

imply that aS(x, k, c) = I{wS(x, k, c) > 0} ≡ αS(x, k, c). Since k > h, the property in (ii) of

f ∈ FhhJ and this equality give us

Ja(fE)(k, x, c) = max
{

0, αS(x, k, c)wS(k, x, c) + (1− αS(x, k, c))wS(k, 0, c)
}

= wE(k, x, c).

This completes the verification that Ja preserves the property in (ii).

To show Ja preserves the property in (iii), recall that for k ∈ K, wE(k, ǩ, c) ≤ wE(k, ǩ − 1, c) ≤

. . . ≤ wE(k, 0, c). Because fE(k, x, c) = wE(k, x, c) for any k > h, we have T̃ a(fE)(k, ǩ, c) ≤

T̃ a(fE)(k, ǩ−1, c) ≤ . . . ≤ T̃ a(fE)(k, 0, c). Combining these inequalities with properties (iii) and (iv)

of fE yields for x ≤ x̀, E[T̃ a(fE)(K ′, x̀, c)|K = h] ≤ E[T̃ a(fE)(K ′, x, c)|K = h]. These inequalities

together with the stochastic dominance of X ′|X = x̀ over X ′|X = x imply

E[T̃ a(fE)(K ′, X ′, c)|K = h,X = x̀] ≤ E[T̃ a(fE)(K ′, X ′, c)|K = h,X = x] ≤ E[T̃ a(fE)(K ′, 0, c)|K = h].
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So for any x such that h < x < ǩ,

Ja(fE)(h, x+ 1, c) ≡ max
{

0,E[T̃ a(fE)(K ′, X ′, c)|K = h,X = x+ 1]
}

≤max
{

0,E[T̃ a(fE)(K ′, X ′, c)|K = h,X = x]
}
≡ Ja(fE)(h, x, c),

On the other hand, for h = x,

Ja(fE)(h, h+ 1, c) ≡max
{

0,E[T̃ a(fE)(K ′, X ′, c)|K = h,X = h+ 1]
}

≤max
{

0, aS(h, h, c)E[T̃ a(fE)(K ′, X ′, c)|K = h,X = h]

+ (1− aS(h, h, c))E[T̃ a(wE)(K ′, 0, c)|K = h]
}
≡ Ja(fE)(h, h, c).

This concludes the verification that Ja preserves the property in (iii).

Finally, we show that Ja preserves the property in (iv). We look at two scenarios. First, if

aS(h, h, c) < 1, equilibrium requires vE(h, h, c) = 0. Therefore, Ja(fE)(h, h, c)) ≤ vE(h, h, c) =

0. Because Ja(fE)(h, x, c) is non-negative, Ja(fE)(h, h, c) ≤ Ja(fE)(h, x, c) for any 0 ≤ x < h.

Second, if aS(h, h, c) = 1, use E[T̃ a(fE)(K ′, X ′, c)|K = h,X = x] ≤ E[T̃ a(fE)(K ′, 0, c)|K = h] to

demonstrate

Ja(fE)(h, h, c) = max
{

0,E[T̃ a(fE)(K ′, X ′, c)|K = h,X = h]
}

≤ max{0, aS(x, h, c)E[T̃ a(fE)(K ′, X ′, c)|K = h,X = x] + (1− aS(x, h, c))E[T̃ a(fE)(K ′, 0, c)|K = h]}

≡ Ja(fE)(h, x, c)

for any x ∈ {0, . . . , h− 1}.

This completes the verification that Ja : FhhJ → FhhJ . Since vE is the unique fixed point of Ja,

vE ∈ FhhJ . Thus, vE(h, h, c) ≤ vE(h, 0, c) and vE(h, h, c) necessarily equals

max

{
0, βE

[
ǩ∑
i=h

ǩ∑
j=h

ΠhiΠhj

(
π(i, j, C ′)+I{(i, j) 6= (h, h)}wE(i, j, C ′)

)
+Π2

hhvE(h, h, C ′) C = c

]
.

This implies that vE(h, h, ·) equals the fixed point of Thh from Algorithm 1, so vE(h, h, c) =

wE(h, h, c) and vS(h, h, c) = wS(h, h, c).

Lemma B.2. Suppose that a natural equilibrium with strategy (aE , aS) and continuation values vE

and vS is in hand. If for some h ∈ K

• vE(k, x, c) = wE(k, x, c) and vS(k, x, c) = wS(k, x, c) for (k, x) ∈ K× {0} ∪K with k > h,

• vE(x, h, c) = wE(x, h, c) and vS(x, h, c) = wS(x, h, c) for x ∈ {1, . . . , h},
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• aE(k, c) = αE(k, c) for k ≥ h,

then vE(h, l, c) = wE(h, l, c) and vS(h, l, c) = wS(h, l, c) for all l ∈ {0, . . . , h− 1}.

Proof for Lemma B.2. Together, the lemma’s preconditions and optimality of equilibrium survival

choices implies that if h > 1, then for l ∈ {1, . . . , h− 1}

vS(h, l, c) = βE

[
ǩ∑
i=h

ǩ∑
j=l

ΠhiΠlj

(
π(i, j, C ′)+I{i 6= h or j ≥ h}wE(i, j, C ′)

)
+
h−1∑
j=l

ΠhhΠljvE(h, l, C ′) C = c

]
.

Here, the indicator function I{i 6= h or j ≥ h} selects market structures that follow either a

technology improvement by the firm of interest (i 6= h) or a technology improvement by the rival

which destroys the firm of interest’s technological advantage (j ≥ h). Also, for all h ∈ K,

vS(h, 0, c) = βE

[
ǩ∑
i=h

Πhi

(
π(i, 0, C ′) + I{i 6= h}

(
(1− αE(i, C ′))wE(i, 0, C ′) + αE(i, C ′)wE(i, 1, C ′)

))

+ Πhh

(
(1− αE(h,C ′))vE(h, 0, C ′) + αE(h,C ′)(I{h = 1}wE(1, 1, C ′) + I{h > 1}vE(h, 1, C ′))

)
C = c

]
.

Since vS(x, h, c) = wS(x, h, c) for x ∈ {1, . . . , h−1}; equilibrium optimality, the assumption that we

have a natural equilibrium in hand, and the restriction that aS default to inactivity together imply

that aS(x, h, c) = I{wS(x, h, c) > 0} ≡ αS(x, h, c). Therefore

vE(h, l, c) = max {0, αS(l, h, c)vS(h, l, c) + (1− αS(l, h, c)) vS(h, 0, c)} .

Together these results require vE(h, l, c) to equal the fixed point of Th in Procedure 1, so vE(h, l, c) =

wE(h, l, c) and vS(h, l, c) = wS(h, l, c) for all 0 ≤ l < h.

The preparatory lemmas allow us to prove Proposition 2.

Proof for Proposition 2. We begin by demonstrating the uniqueness of the equilibrium payoffs fol-

lowing the sequence in which Procedure 1 calculates them. For each payoff calculated within its

inner loop, we use Lemma B.1. As emphasized in its proof, Lemma B.1 has only trivial precondi-

tions in the case with h = l = ǩ. Therefore its first application yields, vE(ǩ, ǩ, c) = wE(ǩ, ǩ, c) and

vS(ǩ, ǩ, c) = wS(ǩ, ǩ, c). This is the single precondition for its application to the case with h = ǩ and

l = ǩ−1; so we can conclude that vE(ǩ−1, ǩ, c) = wE(ǩ−1, ǩ, c) and vS(ǩ−1, ǩ, c) = wS(ǩ−1, ǩ, c).

These inequalities in turn complete the preconditions for Lemma B.1’s application with h = ǩ and

l = ǩ − 2. Continuing this induction yields vE(k, ǩ, c) = wE(k, ǩ, c) and vS(k, ǩ, c) = wS(k, ǩ, c) for

all k ∈ K. Since optimality and the restriction that equilibrium strategies default to inactivity jointly
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require that aE(ǩ, c) = I{vE(1, ǩ, c) > ϕ} and aS(k, ǩ, c) = I{vS(k, ǩ, c) > 0} for k ∈ {1, . . . , ǩ− 1},

these equalities immediately imply that aS(k, ǩ, c) = αS(k, ǩ, c) and aE(ǩ, c) = αE(ǩ, c).

The first ǩ applications of Lemma B.1 have verified all of the preconditions for applying Lemma

B.2 when h = ǩ. (Note that the first of the lemma’s preconditions is trivially satisfied.) Therefore,

we can apply it and conclude that vE(ǩ, l, c) = wE(ǩ, l, c) and vS(ǩ, l, c) = wS(ǩ, l, c) for l ∈

{0, . . . , ǩ − 1}. The survival probability aS(ǩ, ǩ, c) must be an equilibrium to the one-shot game

analogous to that in Figure 2. It is straightforward to show that this has a unique equilibrium, that

calculated by Procedure 2. Therefore, aS(ǩ, ǩ, c) = αS(ǩ, ǩ, c).

The preconditions for applying Lemma B.1 for the case with l = h = ǩ − 1 are now in place, so

we know that vE(ǩ − 1, ǩ − 1, c) = wE(ǩ − 1, ǩ − 1, c) and vS(ǩ − 1, ǩ − 1, c) = wS(ǩ − 1, ǩ − 1, c).

Applying Lemmas B.1 and B.2 with h = ǩ − 1 in the same pattern as was done with h = ǩ

yields vE(l, ǩ − 1, c) = wE(l, ǩ − 1, c) and vS(l, ǩ − 1, c) = wS(l, ǩ − 1, c) for all l ∈ {1, . . . , ǩ − 1};

aS(l, ǩ−1, c) = αS(l, ǩ−1, c) for l ∈ {1, . . . , ǩ−2}; aE(ǩ−1, c) = αE(ǩ−1, c); and vE(ǩ−1, x, c) =

wE(ǩ−1, x, c) and vS(ǩ−1, x, c) = wS(ǩ−1, x, c) for x ∈ {0, . . . , ǩ−1}. The analogous analysis of the

continuation game between two type ǩ−1 rivals then shows that aS(ǩ−1, ǩ−1, c) = αS(ǩ−1, ǩ−1, c).

Continuing with this induction through h = ǩ − 2, . . . , 1 then demonstrates that vE(k, x, c) =

wE(k, x, c) and vS(k, x, c) = wS(k, x, c) for all (k, x) ∈ K × {0} ∪ K; aS(l, h, c) = α(l, h, c) for all

(l, h) ∈ K2 with l ≤ h; and aE(h, c) = αE(h, c) for all h ∈ K. To show that aE(0, c) = αE(0, c), apply

Lemma A.5 to show that vE(1, 0, c) ≥ vE(1, 1, c). This, individually optimal entry decisions, and

the restriction that aE defaults to inactivity together require that aE(0, c) = I{vE(1, 0, c) > ϕ} =

I{wE(1, 0, c) > ϕ} ≡ αE(0, c). Here, the identity follows from Procedure 2. Similarly, individually

optimal survival decisions, the restriction that aS defaults to inactivity, and the restriction to a

natural equilibrium together require that aS(h, l, c) = I{vS(h, 0, c) > 0} = I{wS(h, 0, c) > 0} ≡

αS(h, l, c) for all (h, l) ∈ K2 with l < h. This completes the demonstration that the strategy

and payoffs from the hypothesized natural equilibrium in hand equal those from the equilibrium

calculated by Algorithm 1. Thus, that equilibrium is unique.
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